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Abstract

Estimating the difference of two Stein’s score1

functions is a fundamental problem in generative2

modeling. In particular, score differences arise3

naturally in transfer learning, where the score dif-4

ference provides the mechanism for adapting a5

pre-trained model to a new target distribution, and6

in diffusion model-based post-training methods7

such as discriminator guidance. Existing estima-8

tors for score differences in these settings either9

lack of statistical consistency or are difficult to10

scale up in high-dimensions.11

We propose a statistically consistent and scalable12

estimator for score differences based on Sobolev13

regularization, which plays a crucial role in ensur-14

ing consistency and stablizing the training in the15

small-sample regime. Mathematically, we estab-16

lish a convergence rate of Õ(n−
s−1

d+2s−2 ) where17

d is the dimension and s denotes the smooth-18

ness of the underlying densities, and provide a19

minimax lower bound of Ω̃(n−
2(s−1)
d+2s ) (in mean-20

squared error). Empirically, our estimator ex-21

hibits significantly improved stability in small-22

sample regimes compared to existing methods.23

We demonstrate its effectiveness on real-world24

tasks, including transfer learning for ECG sig-25

nal generation, where it substantially outperforms26

non-regularized score difference estimators in27

downstream classification performance.28

1. Introduction29

The difference of Stein’s score functions is defined as the30

gradient of the log-density ratio ∇ log q(·)−∇ log p(·) be-31

tween a target distribution q and a source distribution p.32

Conceptually, this difference represents the driving force33

required to transport samples from a source distribution p34

to a target distribution q. As a result, the score difference35
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emerges as a fundamental primitive in transfer learning for36

modern generative modeling (Liu et al., 2023; Ouyang et al.,37

2024; Wang et al., 2024).38

This estimation problem is central in post-training of dif-39

fusion models, which adapts pre-trained generative models40

to align with human preferences, structural constraints, or41

downstream tasks. A wide range of approaches have been42

proposed, including RLHF (Black et al., 2023; Fan et al.,43

2023), stochastic control–based formulations (Tang & Zhou,44

2024; Han et al., 2024b; Uehara et al., 2024), and classifier-45

guided or conditioning-based methods. Notably, most of46

these can be unified as add-on mechanisms to pre-trained47

dynamics:48

dYt = sθ(t, Yt)dt− hη(t, Yt)dt+ σ(t)dWt, (1)

where sθ(t, ·) is the pre-trained score function approximat-49

ing ∇ log pt(·), and hη(t, ·) is an additive control term. In50

frameworks such as discriminator guidance and conditional51

generation, via Doob’s h-transform, the term hη(t, ·) ap-52

proximates ∇ log qt(·), where qt is a target distribution car-53

rying information from constraints, classifiers, or preference54

signals (Denker et al., 2024; Du et al., 2024; Pidstrigach55

et al., 2025; Howard et al., 2025). In diffusion models,56

post-training is a form of transfer learning, transferring pre-57

training knowledge to new data-generation tasks. For sim-58

plicity, we use “transfer learning” to refer to this broader59

setting throughout the paper.60

In transfer learning, the target task typically has far fewer61

samples than the source task, rendering direct estimation of62

the target score ∇qt unstable. Fortunately, because the target63

and source tasks are closely related, the density ratio qt
pt

64

often exhibits exploitable structure. This motivates directly65

estimating the density ratio and its gradient, since66

∇ log qt(·)−∇ log pt(·) =
∇(qt/pt)(·)
qt/pt(·)

. (2)

Unlike estimating and differencing the two scores sepa-67

rately, this approach exploits shared geometry and is more68

structure-aware and data-efficient in low-sample regimes69

(see Figure 1).70

Despite arising naturally in many settings, obtaining a reli-71

able estimator for this score difference remains challenging.72

The most prevalent large-scale approaches (Ouyang et al.,73
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Figure 1. Visualization of the score functions. The score differ-
ence field (right) is markedly smoother and less variable than the
absolute target score (left), demonstrating the structural benefit of
directly estimating the score difference.

Figure 2. Impact of high-frequency noise. Comparison of log r
(left) and ∇ log r (right) estimates. Standard classification (blue)
captures the function value but fails on the gradient due to overfit-
ting. Our Sobolev-regularized method (red) enforces smoothness,
recovering the gradient accurately by filtering out noise.

2024; Kim et al., 2022) adopt a “classify-then-differentiate”74

pipeline: first estimating the log-density ratio via binary75

classification, and then differentiating the fitted model. How-76

ever, this approach lacks theoretical guarantees on gradient77

convergence. As illustrated in Figure 2, standard classi-78

fiers tend to overfit high-frequency but low-amplitude noise79

components in the data. This overfitting yields small ratio80

errors (left) but catastrophic oscillations after differentiation81

(right).82

We address this challenge via Sobolev regularization, which83

controls the smoothness of the log-density ratio gradient and84

prevents overfitting to spurious high-frequency noise. With85

n samples from both the source p and target q, we prove a86

convergence rate of Õ(n−
s−1

d+2s−2 ) for the score difference87

error (Theorem 3.1, 5.2), where d is the dimension and s88

is the smoothness parameter. We also provide a minimax89

lower bound of Ω̃(n−
2(s−1)
d+2s ) (Theorem 4.1), showing near-90

optimality. Experiments verify these findings across diverse91

tasks, including joint domain adaptation via Wasserstein92

gradient flow (Sec 6.2.1) and transfer learning for diffusion93

models (Sec 6.2.2), confirming that Sobolev regularization94

yields stable and consistent score difference estimators.95

Closely related literature. Our work is closely related96

to two lines of literature: score difference estimation and97

Sobolev regularization in machine learning.98

Score difference estimation underlies a broad class of appli-99

cations related to diffusion models. For example, (Ouyang100

et al., 2024) propose using score difference estimation for101

transfer learning tasks in diffusion models, which is later102

refined by (Wang et al., 2024) with an additional residual103

fine-tuning step. For post-training problems, the discrimi-104

nator guidance framework of (Kim et al., 2022) highlights105

the central role of score difference estimation. In this ap-106

proach, a discriminator is trained to distinguish samples107

from the target distribution and the pre-trained model, and108

its gradient provides an estimate of the score difference109

∇ log qt−∇ log pt, which is then injected as a control term110

into the diffusion dynamics. This framework was further111

extended to noisy data settings in (Cong et al., 2025). How-112

ever, the above papers primarily emphasize methodologi-113

cal development and empirical validation, while theoretical114

convergence guarantees remain unestablished. On the other115

hand, several alternative approaches provide convergence116

guarantees but may still suffer from practical limitations117

such as scalability and numerical stability. For example,118

assuming that the ground-truth score difference lies in a119

reproducing kernel Hilbert space (RKHS), (Srikanth et al.)120

derive a closed-form kernel-based solution. However, this121

approach incurs prohibitive computational costs, as it re-122

quires evaluating kernel distances against the entire training123

dataset at each inference step, rendering it impractical at124

scale. Similarly, (Liu et al., 2023) propose a consistent score125

difference estimator for Wasserstein gradient flow (WGF)126

methods, but their local kernel approach faces the same127

scalability challenges. More recently, (Verine et al., 2025)128

address objective bias in discriminator guidance by adopting129

a score-matching objective in which the regression target is130

the residual error of a pre-trained score. However, without131

explicit regularity constraints, the resulting estimator can be132

dominated by variance, particularly in low-density regions133

or when the pre-trained score is already relatively accurate.134

In contrast to these approaches, our Sobolev-regularized135

score difference estimator retains the computational effi-136

ciency of classification-based frameworks, while offering137

enhanced consistency and robustness via the introduction of138

a Sobolev regularization term.139

Highlighting the central role of regularization, (Husain &140

Nock) point out that discriminators in guidance frameworks141

must be well regularized to ensure generalization, a per-142

spective that closely aligns with our work. Sobolev-type143

regularization, often realized through gradient penalties, has144

been widely studied in the literature on generative adver-145

sarial networks (GANs) (Lin et al., 2025; Roth et al., 2017;146

Mescheder et al., 2018), whereas its role in diffusion mod-147

els remains comparatively underexplored. In these settings,148

the discriminator can be interpreted as estimating a time-149

varying density ratio. Moreover, the underlying motiva-150

tions differ substantially. In those works, gradient penalties151

are introduced to promote dynamical stability by shifting152
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the eigenvalues of the Jacobian and preventing oscillations153

around local Nash equilibria. In contrast, our motivation is154

rooted in statistical estimation: we employ Sobolev regular-155

ization to constrain the hypothesis space, ensuring that the156

estimated score difference remains accurate and robust to157

overfitting to high-frequency noise. Finally, beyond genera-158

tive modeling, (Ding et al., 2025) study Sobolev-penalized159

deep semi-supervised regression for the joint estimation of160

a regression function and its gradient, leveraging a large set161

of unlabeled covariates to approximate the Sobolev penalty.162

2. Problem setup and proposed method163

Our goal is to formalize transfer learning from a source p to164

a target q, by estimating the score difference in a way that is165

structure-aware, data-efficient, and stable.166

To focus on the essential building block of our framework,167

we first consider a bounded state space. The extension to168

unbounded domains and the inclusion of a time component,169

tailored to diffusion models, are deferred to Section 5, where170

the generalization is straightforward.171

Let [0, 1]d ⊆ Ω ⊆ Rd, d ∈ N be a bounded and con-172

nected domain with sufficiently smooth boundary ∂Ω. Let173

P,Q ∈ P(Ω) be absolute continuous with respect to174

Lebesgue measure with densities p, q. For any x ∈ Ω let175

ρ(x) := 1
2p(x) +

1
2q(x), µ(dx) := ρ(x) dx,

and define the log-density ratio176

f⋆(x) := log
q(x)

p(x)
. (3)

For a multi–index α = (α0, α1, . . . , αd) ∈ N1+d, denote177

|α| := α0 + · · · + αd and Dαf := ∂|α|f

∂tα0∂x
α1
1 ···∂xαd

d

, inter-178

preted in the weak (distributional) sense. For an integer179

s ≥ 0, the weighted Sobolev space Hs(µ) is given by180

Hs(µ) :=

{
f ∈ L2(µ)

∣∣ Dαf ∈ L2(µ), for all
multi-indices α with |α| ≤ s

}
.

For the supremum norm, we denote the L∞(µ) norm as the181

essential supremum with respect to the measure µ:182

∥f∥L∞(µ) := inf
{
C ≥ 0 : µ({x ∈ Ω : |f(x)| > C}) = 0

}
.

Let µ0 be the uniform distribution on Ω. We assume the183

following outstanding assumptions.184

Assumption 2.1 (Density functions). Assume p and q sat-185

isfy the following conditions:186

1. p, q ∈ C2(Ω) and are strictly positive on Ω.187

2. The following Neumann boundary condition holds:188

ρ(x) ∂nf
⋆(x) = 0 for all x ∈ ∂Ω.189

3. Fix s ≥ 2. We assume f⋆ ∈ Hs(µ0).190

Given that p, q are positive and C2 on Ω, we have f⋆ ∈
C2(Ω). Hence, there exists M⋆ > 0 such that

max{∥f⋆∥L∞(µ0), ∥∇f
⋆∥L∞(µ0)} ≤M⋆.

Motivated by the boundedness of the true density ratio f⋆,191

we restrict the function class to ensure stability in the opti-192

mization. Specially, fix a constant M ≥ M⋆, we define a193

bounded Sobolev subset of Hs(µ0) as follows:194

HM :=
{
f ∈ H1(µ0) : ∥f∥L∞(µ0) ≤M

}
. (4)

By construction, this set is closed and convex in H1(µ0),195

and it contains the ground truth f⋆.196

Learning objective. Our objective is to estimate the score197

difference198

∇xf
⋆(x) := ∇x log

q(x)

p(x)
,

given access only to finite samples:199

S = {Xi}ni=1
i.i.d.∼ p, T = {Xi}2ni=n+1

i.i.d.∼ q. (5)

When p and q share similar geometric structure, the vector200

field ∇ log q(x)
p(x) often concentrates on a low-dimensional201

manifold, making it easier to learn than the full score of q.202

The standard approach first estimates the log-density ratio203

and then differentiates it directly (Ouyang et al., 2024; Kim204

et al., 2022). Usually, the estimation of log-density ratio is205

trained via classification loss.206

Binary classification reformulation. We introduce a label-207

augmented mixture model, offering a convenient probabilis-208

tic representation for learning the log-density ratio. Specifi-209

cally, denote by µp,q the joint law of (X,Y ) with210

Y ∼ Bernoulli(1/2),

X | (Y = 1) ∼ q, X | (Y = 0) ∼ p.
(6)

Consider the dataset in (5). Let Yi = 0 for i = 1, . . . , n211

and Yi = 1 for i = n+ 1, . . . , 2n, indicating whether Xi is212

drawn from S or T . Then D = (Xi, Yi)
2n
i=1 consists of i.i.d.213

samples from µp,q .214

Under such setting, the posterior classification probability215

is, for x ∈ Ω,216

η(x) := P(Y = 1 | X = x) =
q(x)

p(x) + q(x)

The corresponding Bayes logit is log η(x)
1−η(x) = log q(x)

p(x) =217

f⋆(x). Therefore, if we let σ(u) := 1
1+e−u and define the218

cross-entropy loss219

ℓCE(y, u) := −y log σ(u)− (1− y) log(1− σ(u)),
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then f∗ defined in (3) is the minimizer of the population220

cross-entropy risk221

LCE(f) := E(X,Y )∼µp,q

[
ℓCE(Y, f(X))

]
among all measurable functions f : Ω → R. Define the222

empirical cross-entropy risk as223

L̂CE,D(f) :=
1

2n

2n∑
i=1

[ℓCE(Yi, f(Xi))].

Functional class: clipped and gradient-bounded sparse224

neural network functional space. We consider a func-225

tion class represented by sparse neural networks (Schmidt-226

Hieber, 2020; Suzuki, 2018; Farrell et al., 2021) and use the227

ReLU3 activation228

η3(x) := max{x3, 0},

motivated by its ability to represent spline-type approxi-229

mants and the associated approximation theory (Lu et al.,230

2021). For vector inputs, η3 is applied element-wise. Fix231

a constant M > M⋆. Let TM : R → [−M,M ] be a fixed232

nondecreasing C1 clipping map satisfying233

|TM (u)| ≤M, |T ′
M (u)| ≤ 1,

and, for some M0 with M⋆ < M0 < M ,234

TM (u) = u, |u| ≤M0.

Given the number of layers L, width W , sparsity constraint235

S, and norm constraint B, define the clipped and gradient-236

bounded neural network class as237

FM (L,W,S,B) :={
g(x) = TM

[(
W(L)η3(·) + b(L)

)
◦ · · · ◦

(
W(1)x+ b(1)

)]
,

W(1) ∈ RW×d, W(2,...,L−1) ∈ RW×W , W(L) ∈ R1×W ,

L∑
l=1

(
∥W(l)∥0 + ∥b(l)∥0

)
≤ S, max

l
∥W(l)∥∞ ∨ ∥b(l)∥∞ ≤ B,

∥g∥L∞(µ) ≤M, ∥∇g∥L∞(µ) ≤M
}
.

(7)

Here ◦ denotes function composition, ∥ · ∥0 is the ℓ0-norm,238

and ∥ · ∥∞ is the entrywise ℓ∞-norm.239

Proposed learning method. To control both function values240

and gradients, we define the Sobolev seminorm241

R(f) := ∥∇f∥2L2(µ),

for any s ≥ 1 and f ∈ Hs(µ). For λ > 0, the population242

Sobolev-regularized risk is defined as243

Jλ(f) := LCE(f) + λR(f).

The existence of the unique minimizer fλ is provided in244

Lemma A.1. Define the empirical Sobolev penalizer:245

R̂D(f) :=
1

2n

2n∑
j=1

∥∇f(Xj)∥22 =
1

2n

2n∑
j=1

d∑
k=1

(
∂kf(Xj)

)2
.

and the empirical energy functional:246

Ĵλ,D(f) := L̂CE,D(f) + λ R̂D(f).

Our method proceeds by first estimating the log–density247

ratio as the minimizer of an empirical energy functional,248

f̂λ,F ∈ argmin
f∈F

Ĵλ,D(f), (8)

and then taking its gradient to obtain the desired score dif-249

ference. We assume that the minimum is attained in F .250

3. Upper bound analysis251

In this section, we provide a statistical (estimation) conver-252

gence rate for our Soblev regularized estimator, in terms of253

the number of samples used in optimization, for which the254

proof is deferred to Appendix A.4.255

Theorem 3.1 (Convergence rate for Sobolev-regularized256

logistic empirical risk minimization(ERM)). Suppose As-257

sumption 2.1 hold. Consider the sparse Deep Neural Net-258

work function space FM (L,W, S,B) with parameters259

L = O(1),W = O
(
n

d
d+2s−2

)
, S = O

(
n

d
d+2s−2

)
, B =260

O
(
n

d
d+2s−2

)
. Let λ = O(n−

s−1
d+2s−2 ), then the soblev-261

penalized estimator f̂λ,F in (8) satisfies the following upper262

bound with probability 1− 2n−2:263

∥f̂λ,F − f⋆∥2H1(µ) ≲ n−
s−1

d+2s−2 log n.

Remark 3.2. Since µ admits a C2 density ρ on Ω, it is264

equivalent the uniform distribution µ0. Consequently, the265

above bound can also be equivalently expressed as266

∥f̂λ,F − f⋆∥2H1(µ0)
≲ n−

s−1
d+2s−2 log n.

Moreover, since Jλ is strongly convex over HM , a local267

Rademacher complexity argument yields a sharper rate than268

the O(n−
s

d+4s ) rate obtained for the Sobolev-regularized269

estimators in (Ding et al., 2025), where they used global270

Rademacher complexity for regression problems.271

Proof outline. The proof proceeds in four steps. First, we272

establish key analytic properties of the population energy273

functional Jλ, including strong convexity and smoothness274

(see Lemma 3.3). Second, we quantify the regularization-275

induced bias at the population level (see Lemma 3.4). Third,276

we relate the generalized error to the excess energy via lo-277

calized Rademacher complexity (see Theorem 3.5). Finally,278

combining these ingredients yields the desired rate.279
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For any functional J : Hs(µ) → R, let DJ(g) be the280

Fréchet derivative of J at g. Then we have the following281

result.282

Lemma 3.3 (Strong convexity and smoothness of the penal-283

ized risk). Define cmin := 1
4 cosh2(M/2)

. Then the penalized284

risk Jλ(f) := LCE(f) + λR(f) is Fréchet differentiable285

on HM and satisfies, for all f, g ∈ HM ,286

Jλ(f)− Jλ(g)−DJλ(g)[f − g]

≥ cmin

2
∥f − g∥2L2(µ) + λ∥∇(f − g)∥2L2(µ),(9)

and Jλ(f)− Jλ(g)−DJλ(g)[f − g]

≤ ∥f − g∥2L2(µ) + λ∥∇(f − g)∥2L2(µ). (10)

Note that the parameter M > 0 used in cmin is the uniform287

logit bound, i.e. |f(x)| ≤M for all f ∈ F∪f⋆ and µ-a.e. x288

(see the details in Proposition A.2).289

Our argument follows the general outline of (Ding et al.,290

2025), with an important modification: because the cross-291

entropy loss fails to be globally strongly convex, uniqueness292

cannot be obtained directly. Instead, we establish condi-293

tional strong convexity restricted to HM . Our proof pro-294

ceeds by (i) deriving strictly positive pointwise curvature295

bounds for the logistic loss within [−M,M ], (ii) lifting the296

curvature bounds to the functional space via Taylor expan-297

sions, and (iii) combining the bounds with the quadratic298

structure of the Sobolev regularizer.299

Denote ∆ as the Laplacian operator ∆f(x) :=300 ∑d
j=1 ∂xjxj

f(x) , interpreted in the weak sense for f ∈301

H1(µ). Define302

R⋆0 := ∆f⋆ +∇f⋆ · ∇ logµ ∈ L2(µ),

and β := 64 ∥R⋆0∥2L2(µ) cosh
4
(
M
2

)
. Next we quantify the303

regularization-induced bias.304

Lemma 3.4 (Bias of the population Sobolev solution). For305

all λ > 0, the unique minimizer fλ of Jλ satisfies306

∥fλ − f⋆∥2L2(µ) ≤ β λ2, ∥∇(fλ − f⋆)∥2L2(µ) ≤ β λ.

The proof relies on testing the Euler-Lagrange (EL) equation307

with error δλ := fλ−f⋆. A crucial insight is to use Green’s308

identity to relate the regularization part in EL equation to309

the Laplacian of f⋆, which controls the bias magnitude.310

Population envelope condition. In the generalization311

analysis below, we use the population minimizer fλ as the312

reference function. We assume that the fixed envelope M is313

chosen large enough so that, for the range of λ considered,314

∥fλ∥L∞(µ) ≤M, ∥∇fλ∥L∞(µ) ≤M.

Equivalently, this condition may be replaced by a separate315

regularity lemma showing that the population Sobolev solu-316

tion fλ satisfies the above bounds uniformly for the chosen317

regularization schedule.318

The proof is deferred to Appendix A.3. The key property319

facilitating our fast rate analysis is the structural constraint320

of the hypothesis space HM (µ). Since optimization is per-321

formed over a bounded, convex domain, the regularized loss322

Jλ is strongly convex and the estimator remains bounded.323

Strong convexity and boundedness ensure that the variance324

of the error diminishes as the estimator approaches the op-325

timum. This motivates the use of localized, rather than326

global, complexity measures. In the proof, we formalize327

this intuition using the framework of (Lu et al., 2021).328

Theorem 3.5 (Shifted oracle inequality for the clipped329

sieve). Fix 0 < λ < 1. Let330

F := FM (L,W, S,B)

be the clipped and gradient-bounded neural-network sieve,331

where L = O(1), W = O(N), S = O(N), and B =332

O(N). Let f0 ∈ F be any fixed comparator independent of333

the data, and fλ as the population minimizer of Jλ. Let334

f̂λ,F ∈ argmin
f∈F

Ĵλ,D(f).

Then for any t > 0, with probability at least 1− e−t,335

Jλ(f̂λ,F )− Jλ(fλ) ≲ Jλ(f0)− Jλ(fλ) + r⋆ +
t

n
, (11)

where r⋆ is the critical radius of the sub-root function336

ϕ(r) := CM

√
S3Lr

n
log(BWn).

Here CM depends only on the fixed envelope M and c−1
min,337

but not on n,N,W, S,B.338

4. Minimax lower bound339

In this section, we provide a minimax lower bound for the340

ratio estimation, for which the proof is deferred to Appendix341

B.342

Consider the dataset D := (Xi, Yi)
2n
i=1 constructed as be-343

low (6), and assume the underlying (p, q) satisfies Assump-344

tion 2.1. Let P denote the class of all such (p, q) pairs. We345

write Ep,q for expectation with respect to D under (p, q).346

Theorem 4.1 (Minimax lower bound for score difference347

estimation). For any estimator348

ψ :
(
Rd+1

)2n → H1(µ0),

we have the minimax lower bound349

infψsup(p,q)∈PEp,q
[∥∥ψ({Xi, Yi}2ni=1)− fp,q

∥∥2
H1(µ0)

]
≳ n−2(s−1)/(2s+d). (12)
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Technical novelties. Our lower-bound analysis builds on350

the Local Fano method, but requires several new ingredients351

to address three structural obstacles specific to our setting.352

First, we confront a regularity mismatch between the ob-353

servation and the target quantity: unlike (Lu et al., 2021),354

where the observation involves a differential operator that355

smooths the estimation problem, here we must recover high-356

order H1 information from lower-order L2 observations.357

Second, we characterize the information-theoretic limits un-358

der a heteroscedastic observation model induced by the joint359

sampling of the source and target densities. Finally, we han-360

dle the global normalization constraint intrinsic to density361

estimation, showing that local perturbations remain statisti-362

cally indistinguishable even after enforcing normalization363

through global partition functions.364

Discussion on the optimality gap. Comparing Theorem 3.1365

with Theorem 4.1, we observe a gap between the achiev-366

able upper rate Õ(n−
s−1

d+2s−2 ) and the minimax lower bound367

Ω̃(n−
2(s−1)
d+2s ). We conjecture that this suboptimality is an368

artifact of the saturation phenomenon associated with single-369

step Tikhonov-type regularization (Bauer et al., 2007; Engl370

et al., 1996). Within our framework, the Sobolev penalty371

λ∥∇f∥2 induces a bias–variance trade-off in which the372

regularization parameter λ simultaneously governs approxi-373

mation error and statistical stability. In particular, enforcing374

conditional strong convexity requires λ to be sufficiently375

large to control the stochastic error–manifested through the376

1/λ factor in the gradient stability bounds. This constraint377

limits how rapidly the bias can decay, thereby preventing378

the estimator from attaining the optimal nonparametric rate.379

Theoretically, the gap between the upper and lower bounds380

could be closed using iterative regularization schemes, such381

as iterated Tikhonov regularization (Engl et al., 1996), which382

are known to attain optimal convergence rates. However, im-383

plementing such methods in a deep learning setting would384

require training a sequence of neural networks where each385

subsequent network relies on the previous one, leading to386

prohibitive computational and memory costs for large-scale387

applications such as diffusion model and transfer learning.388

Consequently, while our single-step estimator is not mini-389

max optimal, it is computationally efficient and practically390

scalable, and already exhibits strong empirical performance391

and stability in the small-sample regime (see Table 2).392

5. Generalization to diffusion models: time393

dependence and unbounded domains394

In this section, we extend our framework to transfer learning395

for diffusion models. Compared to the static setting in Sec-396

tion 2, two additional challenges arise: (i) the density ratio397

becomes time dependent; and (ii) Gaussian perturbations398

render the data support unbounded. We address both issues399

by reformulating the problem on an augmented time-space400

domain, applying a truncation argument and proposing a401

projected-rescaled algorithm.402

Augmented time-space formulation under the VP for-403

ward model. To formalize the diffusion-model setting,404

we focus on the variance-preserving (VP) forward noising405

model. Let X0 ∼ p0 and Y0 ∼ q0 denote the source and406

target initial variables. For t ∈ [0, T ], assume407

Xt = αtX0+σtξ, Yt = αtY0+σtξ
′, ξ, ξ′ ∼ N (0, Id),

where αt ∈ R and σt > 0 are deterministic scalar VP408

coefficients.409

Fix t0 ∈ (0, T ) as the early-stopping time commonly used410

in the diffusion model literature (Han et al., 2024a). In411

this context, the goal is to estimate the score difference412

∇xf
⋆(t, x) := ∇x log(qt(x)/pt(x)) for t ∈ [t0, T ]. We413

consider the corresponding learning problem on the aug-414

mented space:415

Ω̃ := [t0, T ]× Rd, z̃ := (t, x) ∈ Ω̃.

We define the time-dependent mixture measure as µt :=416
1
2 (pt + qt), which serves as our reference measure on each417

time slice.418

The objective is to learn a function f : Ω̃ → R that min-419

imizes a time-averaged risk. Since the temporal domain420

[t0, T ] is compact, the main difficulty arises from the un-421

bounded spatial domain Rd. In particular, strong convexity422

fails globally on Rd. To address this issue, we impose suit-423

able assumptions on the tail behavior of the data distribution,424

which is common and reasonable assumptions to assume in425

the diffusion model literature (Han et al., 2024a; Li et al.,426

2023; Kong et al., 2024).427

Assumption 5.1 (Regular VP forward model with compact428

initial support). The initial source and target distributions429

are compactly supported: there exists Rinit <∞ such that430

supp(p0) ∪ supp(q0) ⊆ BRinit
.

Moreover, the VP coefficients satisfy431

α, σ ∈ Cs([t0, T ]),

and there exist constants432

0 < σ ≤ σ <∞, CVP <∞,

such that for all t ∈ [t0, T ],433

σ ≤ σt ≤ σ, max
0≤a≤s

(|∂at αt|+ |∂at σt|) ≤ CVP.

Truncation-dependent clipped network class. For R > 0,434

define435

C2R := [t0, T ]×B2R, C1 := [t0, T ]×B1.
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The neural network is trained on the fixed input domain436

C1, with input dimension d + 1. Following the clipped-437

gradient construction in Section 3, we use an R-dependent438

time-space class439

FR := F (d+1)
MR

(L,W, S,B), MR := CM (1 +R),

where F (d+1)
MR

(L,W,S,B) denotes the clipped sparse440

ReLU3 network class with input dimension D = d + 1441

satisfying442

∥f∥L∞(C1) ≤MR, ∥∇x̄f∥L∞(C1) ≤MR.

Here x̄ ∈ B1 denotes the rescaled spatial input. The con-443

stant CM is chosen large enough so that the rescaled target444

f⋆R(t, x̄) := f⋆(t, 2Rx̄)

and its rescaled spatial gradient ∇x̄f
⋆
R are both bounded445

by MR on C1. The proof of feasibility is deferred to Ap-446

pendix C.2.447

Projected-rescaled empirical objective. ForR > 0, define448

the bounded time-space cylinder449

C2R := [t0, T ]×B2R, B2R := {x ∈ Rd : ∥x∥ ≤ 2R}.

Define the Euclidean projection onto B2R by450

Π2R(x) :=
x

max{1, ∥x∥/(2R)}
, x̄ :=

Π2R(x)

2R
∈ B1.

Given Dext = {(ti, Xi, Yi)}ni=1, where ti
i.i.d.∼451

Unif([t0, T ]), Yi ∼ Bernoulli(1/2), and452

Xi | (ti, Yi = 0) ∼ pti , Xi | (ti, Yi = 1) ∼ qti ,

we estimate the rescaled log-density ratio by453

f̂R ∈ arg min
f∈FR

Ĵproj
λ,Dext,2R

(f),

where454

Ĵproj
λ,Dext,2R

(f) :=
1

n

n∑
i=1

[
ℓCE

(
Yi, f(ti, X̄i)

)
+

λ

4R2
∥∇x̄f(ti, X̄i)∥22

]
, f ∈ FR.

(13)
The factor 1/(4R2) accounts for the spatial rescaling x =455

2Rx̄: if h(t, x) = f(t, x/(2R)), then456

∇xh(t, x) =
1

2R
∇x̄f

(
t,
x

2R

)
.

Cutoff extension and core-tail decomposition. Let χR :457

Rd → [0, 1] be a smooth cutoff satisfying458

χR ≡ 1 on BR, χR ≡ 0 on Rd\B2R, ∥∇χR∥∞ ≲ R−1.

Using the optimizer f̂R from (13), define the global estima-459

tor on Ω̃ = [t0, T ]× Rd by460

f̃ (R)(t, x) := χR(x) f̂R

(
t,
Π2R(x)

2R

)
. (14)

On BR, we have Π2R(x) = x and χR(x) = 1, so461

f̃ (R)(t, x) = f̂R

(
t,
x

2R

)
, x ∈ BR.

Define the local loss density associated with the H1(µt)462

norm by463

L(f, g) := |f − g|2 + ∥∇xf −∇xg∥22, (15)

where all terms are evaluated pointwise. We decompose the464

time-averaged global error as465 ∫ T

t0

∥f̃ (R)
t − f⋆t ∥2H1(µt)

dt =

∫ T

t0

∫
BR

L(f̃ (R), f⋆) dµt dt︸ ︷︷ ︸
Main error

+

∫ T

t0

∫
Bc

R

L(f̃ (R), f⋆) dµt dt︸ ︷︷ ︸
Tail error

.

(16)
The main error is controlled by applying the compact-466

domain analysis to the pulled-back estimator on C2R. The467

tail error is controlled by the sub-Gaussian decay of µt un-468

der Assumption 5.1, together with the growth bounds for469

f⋆ implied by the VP structure. Choosing R = R(n) then470

balances these two errors and yields Theorem 5.2.471

Theorem 5.2 (Convergence for VP diffusion models on472

unbounded domains). Suppose Assumptions 5.1 hold. Let473

D := d+ 1, α :=
s− 1

D + 2s− 2
.

For each R > 0, consider the R-dependent clipped and474

spatial-gradient-bounded time-space class475

FR = F (d+1)
MR

(L,W, S,B), MR = CM (1 +R).

Take476

L = O(1), W, S,B = O
(
n

D
D+2s−2

)
, λ ≍ n−α.

Choose477

R = A
√

log n,

where A > 0 is sufficiently large depending only on478

t0, T,Rinit, α, σ, σ. Then, with probability at least 1 −479

3n−2,480 ∫ T

t0

∥f̃ (R)
t − f⋆t ∥2H1(µt)

dt ≤ CeC
√
logn(log n)Kn−α,

where C,K <∞ are independent of n. Consequently, for481

every ε > 0, there exists Cε <∞ such that482 ∫ T

t0

∥f̃ (R)
t − f⋆t ∥2H1(µt)

dt ≤ Cεn
−α+ε.
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Figure 3. One example of the simulation distributions (All distri-
bution pairs can be found in Appendix D.1).

6. Experiments483

This section presents experiments on both synthetic environ-484

ments and real-world datasets, demonstrating the promising485

performance of our proposed method.486

6.1. Estimation error in simulation environment487

In this simulation study, we show the effectiveness of our488

regularization, in terms of the accuracy of estimating the489

gradient of the log density ratio ∇ log q
p .490

We construct three distinct pairs of two–dimensional source491

and target distributions (p, q), for which the quantity492

∇ log q
p can be computed in closed form. Detailed de-493

scriptions of the three distribution pairs are provided in494

Appendix D.1. For each pair we train a three–layer MLP495

fθ(x) to approximate the log density ratio.496

We consider two training objectives: a standard497

classification-based objective, and our Sobolev-penalized498

classification objective. For each (p, q) pair we train the499

network with N ∈ {10, 100, 1000} samples drawn indepen-500

dently from both p and q. After training, we set the gradient501

estimator directly as gθ(x) := ∇xfθ(x), and estimate its502

mean squared error using 1000 new samples from both p503

and q.504

The errors are reported in Table 2. We first observe that505

the Sobolev-penalized estimator (Cls w sob) consistently506

outperforms the naive classification baseline (Cls w/o sob)507

across all training sizes. Notably, this relative improvement508

is most pronounced in the small-sample regime (e.g., more509

than a 50% improvement for N = 20), confirming that the510

Sobolev penalty effectively stabilizes the estimator when511

data are scarce.512

6.2. Transfer learning with real-world datasets513

In transfer learning, the goal is to leverage labeled samples514

from a source distribution to improve prediction on a re-515

lated target distribution. We observe source data Dp :=516

{(x(i)p , z
(i)
p )}np

i=1 drawn from a joint distribution P and tar-517

get samples Dq := {(x(j)q , z
(j)
q )}nq

j=1 drawn from a different518

joint distribution Q. In practice, labeled target samples are519

often scarce, making direct training unreliable. Our ob-520

jective is therefore to infer a labeling function for Dq by521

transferring information from Dp.522

6.2.1. WGF METHODS523

When many unlabeled target samples are available, follow-524

ing prior optimal-transport-based adaptation methods(Liu525

et al., 2023), we use WGF to transport labeled source parti-526

cles toward the target distribution and then train a classifier527

on the transported samples.528

WGF requires the score difference ∇ log q −∇ log pt. We529

therefore evaluate the proposed estimators by implement-530

ing WGF on the Office–Caltech-10 benchmark (Saenko531

et al., 2010), which contains four visual datasets: Ama-532

zon, Caltech, DSLR, and Webcam. Following standard533

practice, all samples are projected onto a 100-dimensional534

PCA subspace. We compare target classification accuracy535

across four settings: a source-only RBF SVM baseline, and536

RBF SVMs trained on WGF-transported source samples537

using (i) kernel-based estimators (LL; (Liu et al., 2023)),538

(ii) unregularized classification-based estimators, and (iii)539

our Sobolev-regularized classification estimator.540

The results (Table 3) show that directly reusing source clas-541

sifiers can lead to severe performance degradation (e.g.,542

Amazon → DSLR), whereas joint distribution–based adap-543

tation substantially alleviates this issue. Moreover, Sobolev544

regularization enables the classification-based method to545

achieve the strongest overall performance.546

While kernel-based estimators attain accuracy comparable547

to our Sobolev-regularized approach in low-dimensional548

settings, they incur substantially higher computational cost.549

The kernel-based WGF baseline is intrinsically local, re-550

quiring a new gradient estimator to be trained at each WGF551

iteration through kernel optimization, which repeatedly eval-552

uates interactions with the training samples (see Table 4).553

In contrast, the classification-based estimator amortizes gra-554

dient evaluation: once trained, the score difference at a new555

point is obtained via a single forward and backward pass of556

a fixed network. This amortization accounts for the signifi-557

cant speedup and enables scalability to large-scale settings,558

including diffusion-based generation.559

6.2.2. DIFFUSION MODELS560

When the amount of unlabeled target data is extremely lim-561

ited, directly training a generative model on the target task is562

often unreliable. A more effective alternative is to leverage a563

large source domain and adapt a pre-trained diffusion model564

to the target distribution via transfer. In particular, recent565

work (Ouyang et al., 2024) proposes to guide a source-566
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Table 1. Accuracy for gradient of logdensity ratio estimation. Best results are marked in bold. Improvement indicates the relative reduction
in error from Cls w/o sob to Cls w sob.

Train Size Cls w/o sob Cls w sob Kernel Improvement
(A) (B) (A−B)/A [%]

ROTATED RIDGE
20 61.94± 7.98 30.96± 6.92 7.65± 1.24 50.02
200 5.91± 0.92 4.29± 0.61 6.44± 0.43 27.36
2000 1.68± 0.21 0.96± 0.12 5.80± 0.06 42.96

ORTHOGONAL GMM
20 24.10± 2.73 11.89± 0.80 25.87± 1.42 50.66
200 8.90± 2.74 6.31± 0.44 23.78± 0.63 29.19
2000 5.03± 0.34 3.83± 0.17 22.80± 0.21 23.86

BOUNDED
20 103.46± 7.16 48.77± 2.62 7.73± 0.59 52.86
200 15.68± 2.45 9.86± 1.19 3.68± 0.09 37.12
2000 2.42± 0.17 1.96± 0.13 3.55± 0.01 18.88

Table 2. Accuracy for gradient of log-density ratio estimation.
Values are reported as mean (standard deviation). Best results are
marked in bold.

Train Cls w/o sob Cls w sob Improve
Size (A) (B) (A−B)/A [%]

ROTATED RIDGE
20 61.94(7.98) 30.96(6.92) 50.02
200 5.91(0.92) 4.29(0.61) 27.36
2000 1.68(0.21) 0.96(0.12) 42.96

ORTHOGONAL GMM
20 24.10(2.73) 11.89(0.80) 50.66
200 8.90(2.74) 6.31(0.44) 29.19
2000 5.03(0.34) 3.83(0.17) 23.86

BOUNDED
20 103.46(7.16) 48.77(2.62) 52.86
200 15.68(2.45) 9.86(1.19) 37.12
2000 2.42(0.17) 1.96(0.13) 18.88

trained diffusion model using an estimated score difference567

between the source and target distributions.568

To evaluate the effectiveness of such transfer-based diffusion569

model methods under limited target data, we consider a570

benchmark task in electrocardiogram (ECG) generation.571

Following (Ouyang et al., 2024), we use the PTB-XL dataset572

(Wagner et al., 2020) as the source task and the ICBEB2018573

dataset (Liu et al., 2018) as the target task, whose details574

can be found on Appendix D.3.575

Evaluation protocol. We assess different methods through576

their ability to generate target-task samples for downstream577

classification. (More results on computing time and gener-578

ation quality can be found on Appendix D.3) Specifically,579

each method is used to generate a sufficient number of syn-580

thetic ECG samples, which are then combined with the581

Table 3. Comparison of classification accuracy on Office-Caltech-
10 Dataset

Dp → Dq Base Cls w/o sob Kernel Cls w sob

amz.→cal. 0.7115 0.7863 0.8379 0.8504
amz.→dslr 0.2675 0.7580 0.7962 0.7962
amz.→web. 0.3932 0.7390 0.8678 0.8203
cal.→amz. 0.9081 0.8716 0.9081 0.8977
cal.→dslr 0.2420 0.8535 0.8344 0.8623
cal.→web. 0.3797 0.7763 0.8203 0.8034
dslr→amz. 0.7035 0.8017 0.8716 0.8006
dslr→cal. 0.6572 0.7489 0.8094 0.7427
dslr→web. 0.9492 0.9492 0.9492 0.9525
web.→amz. 0.6294 0.6002 0.5877 0.7046
web.→cal. 0.3954 0.7070 0.7640 0.6456
web.→dslr 0.8535 0.9618 0.9554 0.9682

Table 4. Average gradient computation time across the 12 transfer
tasks shown in Table 3

Method Gradient Calculation Time

Baseline N/A
Kernel 2.0617 s
Cls w/o sob 0.0004 s
Cls w sob 0.0004 s

limited target samples to train a classifier. Performance is582

evaluated on the target test set. We compare four approaches:583

(1) Vanilla Diffusion, which trains a diffusion model directly584

on limited target data; (2) Finetune Generator, which adapts585

a source-trained diffusion model to generate target-label586

samples; (3) TGDP (Ouyang et al., 2024), which trains the587

guidance function using standard classification objectives;588

and (4) TGDP-SoB, which incorporates Sobolev regulariza-589

tion into the TGDP framework.590

Following the ECG benchmark protocol in (Strodthoff591
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et al., 2020), we report the Macro-averaged area under592

the ROC curve (AUC), macro-averaged Fβ-score with593

β = 2, and macro-averaged Gβ-score with β = 2; where594

Fβ = (1+β2)·TP
(1+β2)·TP+β2·FN+FP ,Gβ = TP

TP+FP+β·FN . As shown in595

Table 5, TGDP substantially outperforms the baseline meth-596

ods across all evaluation metrics. In addition, the Sobolev-597

regularized variant (TGDP-SoB) consistently yields further598

improvements, highlighting the benefit of regularized score599

difference estimation for diffusion-based transfer under lim-600

ited target data.601

Method AUC Fβ=2 Gβ=2

Vanilla Diffusion 0.844(07) 0.590(09) 0.331(08)
Finetune Generator 0.862(05) 0.604(09) 0.351(09)
TGDP 0.905(04) 0.662(10) 0.436(12)
TGDP-SoB 0.915(05) 0.693(11) 0.453(11)

Table 5. Results on ECG benchmark for downstream classification
task. (90% confidence intervals are provided via empirical boot-
strapping (Strodthoff et al., 2020); 0.915(04) stands for 0.915 ±
0.004.)

7. Broader Impact602

This paper presents work whose goal is to advance the field603

of machine learning. There are many potential societal604

consequences of our work, none of which we feel must be605

specifically highlighted here.606
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A. Proof for Bounded Case (Section 3)746

Notation Given the dataset D, for any measurable function φ we define its empirical expectation with respect to D by747

ED[φ(Y,X)] := 1
2n

∑2n
i=1 φ(Yi, Xi). Hence the empirical cross-entropy risk can be defined as748

L̂CE,D(f) := ED[ℓCE(Yi, f(Xi))].

We first show that the minimizer for our energy functional exists and is unique.749

Lemma A.1 (Existence and uniqueness of the population risk minimizer in HM ). For any regularization parameter λ > 0,750

the define the Sobolev-regularized population risk751

Jλ(f) := LCE(f) + λR(f).

Then Jλ admits a unique minimizer fλ ∈ HM (µ):752

fλ := argmin
f∈HM (µ)

Jλ(f).

Proof. We proceed by establishing uniqueness via strong convexity and existence via the properties of the constraint set753

HM (µ).754

From Lemma 3.3, the functional Jλ satisfies the following strong convexity inequality for any f, g ∈ HM (µ):755

Jλ(f)− Jλ(g)−DJλ(g)[f − g] ≥ cmin
2

∥f − g∥2L2(µ) + λ∥∇(f − g)∥2L2(µ). (17)

Since λ > 0 and cmin > 0, the right-hand side is strictly positive for any f ̸= g (in the H1(µ) norm sense). Suppose there756

exist two distinct minimizers f1, f2 ∈ HM (µ) with Jλ(f1) = Jλ(f2) = inff∈HM (µ) Jλ(f) = m. By the strict convexity,757

for any t ∈ (0, 1), we have:758

Jλ(tf1 + (1− t)f2) < tJλ(f1) + (1− t)Jλ(f2) = m.

This implies we have found an element with a risk strictly lower than the infimum m, which is a contradiction. Thus, the759

minimizer must be unique.760

To apply the Direct Method on the constrained set, we first establish that the feasible set HM (µ) is a weakly closed subset761

of H1(µ).762

First, HM (µ) is convex. For any f, g ∈ HM (µ) and t ∈ [0, 1], by the triangle inequality:763

∥tf + (1− t)g∥L∞ ≤ t∥f∥L∞ + (1− t)∥g∥L∞ ≤ tM + (1− t)M =M.

Thus, the convex combination remains in HM (µ). Second, HM (µ) is closed in the strong topology of H1(µ). Let764

{fn} ⊂ HM (µ) be a sequence converging to f in H1(µ). Convergence in H1 implies convergence in L2, which in turn765

implies the existence of a subsequence converging pointwise almost everywhere. Since |fn(x)| ≤M a.e., the pointwise766

limit must satisfy |f(x)| ≤M a.e. Thus, f ∈ HM (µ). Since HM (µ) is a closed and convex subset of a Banach space, it is767

weakly closed.768

Next we show coercivity. Although functions in HM (µ) are bounded in L∞, they are not a priori bounded in H1(µ) (as769

gradients can be arbitrarily large). However, fixing a reference g = 0 ∈ HM (µ), the inequality (17) implies:770

Jλ(f) ≥ Jλ(0) +DJλ(0)[f ] + C(λ)∥f∥2H1(µ).

Since the quadratic term dominates the linear functional as ∥f∥H1 → ∞, Jλ is coercive. This ensures that any minimizing771

sequence {fn}∞n=1 ⊂ HM (µ) such that Jλ(fn) → inff∈HM (µ) Jλ(f) is bounded in the H1(µ) norm.772

Finaly, we take limit via weak lower semicontinuity. Since the minimizing sequence {fn} ⊂ HM (µ) is bounded in the773

reflexive space H1(µ), by the Banach-Alaoglu theorem, there exists a subsequence {fnk
} that converges weakly to some774

limit fλ ∈ H1(µ). Crucially, because HM (µ) is weakly closed, the limit must satisfy the constraints: fλ ∈ HM (µ). Finally,775

since Jλ is continuous and convex, it is weakly lower semicontinuous. Therefore:776

Jλ(fλ) ≤ lim inf
k→∞

Jλ(fnk
) = inf

f∈HM (µ)
Jλ(f).

Thus, the minimum is attained by fλ within the set HM (µ).777
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Then we provide some properties about sparse neural network F .778

Proposition A.2 (Boundedness of DNN). The gradients and function value of f ∈ F are uniformly bounded: ∃M ≥M⋆,
s.t

max

{
sup

f∈F(Ω)

∥f∥L∞(µ), sup
f∈F(Ω)

∥∇f∥L∞(µ), ∥f⋆∥L∞(µ) , ∥∇f
⋆∥L∞(µ) ,

}
≤M.

Proof. Proof can be found on the proof of Lemma A.15 and Lemma A.19 in (Lu et al., 2021).779

Lemma A.3 (Tensor-product B-spline quasi-interpolation). Fix integers k, l ∈ N. Let780

0 = t
(l)
0 < t

(l)
1 < · · · < t

(l)
l = 1, t

(l)
i :=

i

l
,

be the uniform partition of [0, 1]. Define the extended knot sequence781

t
(l)
−k+1 = · · · = t

(l)
−1 = t

(l)
0 = 0, t

(l)
l = t

(l)
l+1 = · · · = t

(l)
l+k−1 = 1.

Let782

Il,k := {−k + 1,−k + 2, . . . , l − 1}.

For i ∈ Il,k, define the univariate B-spline of order k by783

N
(k)
l,i (x) := (−1)k

(
t
(l)
i+k − t

(l)
i

)[
t
(l)
i , t

(l)
i+1, . . . , t

(l)
i+k

] {
(x− t)k−1

+

}
, x ∈ [0, 1], (18)

where [·] denotes the divided-difference operator with respect to the variable t, and (a)+ := max{a, 0}.784

Equivalently, for interior indices 0 ≤ i ≤ l − k + 1,785

N
(k)
l,i (x) =

lk−1

(k − 1)!

k∑
j=0

(−1)j
(
k

j

)(
x− i+ j

l

)k−1

+

. (19)

The boundary splines are defined by the repeated endpoint knots above.786

For a multi-index787

i = (i1, . . . , id) ∈ Idl,k,

define the tensor-product B-spline788

N
(k)
l,i (x) :=

d∏
m=1

N
(k)
l,im

(xm), x = (x1, . . . , xd) ∈ [0, 1]d. (20)

Let {Λi}i∈Idl,k be the standard local B-spline quasi-interpolation functionals associated with the tensor basis {N (k)
l,i }i∈Idl,k .789

Define the quasi-interpolation operator790

Qk,lg :=
∑
i∈Idl,k

Λi(g)N
(k)
l,i . (21)

Then Qk,l is local and stable. In particular, there exists a constant Cqi <∞, depending only on k and d, but independent of791

l, such that for every g ∈W 1,∞([0, 1]d),792

∥Qk,lg∥L∞ ≤ Cqi∥g∥L∞ , ∥∇Qk,lg∥L∞ ≤ Cqi∥∇g∥L∞ . (22)

Moreover, for every g ∈ Hs([0, 1]d), s ∈ N, and every 0 ≤ r ≤ s, if k ≥ s, then793

∥Qk,lg − g∥Hr ≤ Cl−(s−r)∥g∥Hs , (23)

where C depends only on k, s, r, d.794
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Proof. The definitions (18)–(20) are the standard univariate and tensor-product B-splines with repeated endpoint knots. The795

operator Qk,l in (21) is the standard local B-spline quasi-interpolation operator.796

We first recall its stability. Since the B-splines have compact support, form a partition of unity, and have uniformly bounded797

overlap, each point x ∈ [0, 1]d belongs to the support of only Ok,d(1) tensor-product basis functions. The local functionals798

Λi depend only on g in a fixed-size neighborhood of supp(N (k)
l,i ), and satisfy the standard coefficient stability bounds799

|Λi(g)| ≤ Ck,d∥g∥L∞(Ωi),

where Ωi is the local support neighborhood associated with N (k)
l,i . Therefore,800

∥Qk,lg∥L∞ ≤ Cqi∥g∥L∞ .

For the derivative bound, differentiating801

Qk,lg =
∑
i

Λi(g)N
(k)
l,i

produces derivatives of the B-spline basis of size O(l). The locality and polynomial-reproduction property of the quasi-802

interpolant imply the standard first-order coefficient-difference bound803

|Λi(g)− Λj(g)| ≤ Ck,dl
−1∥∇g∥L∞

for neighboring indices i, j. The factor l−1 in the coefficient difference cancels the O(l) factor from differentiating the804

B-splines. Using again the uniformly bounded overlap of the tensor basis yields805

∥∇Qk,lg∥L∞ ≤ Cqi∥∇g∥L∞ .

This proves (22).806

Finally, the approximation estimate (23) is the standard Sobolev approximation property of tensor-product B-spline quasi-807

interpolation. It follows from the Bramble–Hilbert lemma and the polynomial reproduction of Qk,l up to degree k − 1. This808

gives809

∥Qk,lg − g∥Hr ≤ Cl−(s−r)∥g∥Hs ,

whenever k ≥ s and 0 ≤ r ≤ s.810

Proposition A.4 (Approximation by the clipped and gradient-bounded sieve). Let µp,q be the mixture measure corresponding811

to a pair (p, q) satisfying Assumption 2.1. Suppose f⋆ ∈ Hs(µp,q), s ≥ 2, and812

max
{
∥f⋆∥L∞(µp,q), ∥∇f

⋆∥L∞(µp,q)

}
≤M⋆.

Let Cqi be the stability constant in Lemma A.3. Choose M > CqiM
⋆, and choose the clipping map TM so that it is the813

identity on [−M0,M0] for some814

CqiM
⋆ < M0 < M.

Then, for L = O(1), W = O(N), S = O(N), and B = O(N), there exists815

fappN ∈ FM (L,W, S,B)

such that816

∥fappN − f⋆∥2H1(µp,q)
≲ N− 2(s−1)

d ∥f⋆∥2Hs(µp,q)
. (24)

Proof. It suffices to prove the result for Ω ⊆ [0, 1]d. Under Assumption 2.1, the weighted Sobolev norm induced by µp,q is817

equivalent to the usual Sobolev norm on Ω.818

Let819

l :=
⌈
N1/d

⌉
.
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Following the ReLU3 approximation construction, take the cubic B-spline quasi-interpolant820

usp := Q4,lf
⋆ =

∑
i∈Idl,4

Λi(f
⋆)N

(4)
l,i .

By Lemma A.3, with k = 4 and r = 1,821

∥Q4,lf
⋆ − f⋆∥H1(µp,q) ≲ l−(s−1)∥f⋆∥Hs(µp,q). (25)

Since l ≍ N1/d, this gives822

∥Q4,lf
⋆ − f⋆∥H1(µp,q) ≲ N− s−1

d ∥f⋆∥Hs(µp,q).

We next verify that the spline approximant lies inside the fixed envelope. By the W 1,∞-stability in Lemma A.3,823

∥Q4,lf
⋆∥L∞(µp,q) ≤ Cqi∥f⋆∥L∞(µp,q) ≤ CqiM

⋆ < M0,

and824

∥∇Q4,lf
⋆∥L∞(µp,q) ≤ Cqi∥∇f⋆∥L∞(µp,q) ≤ CqiM

⋆ < M.

It remains to realize Q4,lf
⋆ as a sparse ReLU3 neural network. By the explicit formula for the cubic B-splines,825

N
(4)
l,i (x) =

l3

3!

4∑
j=0

(−1)j
(
4

j

)(
x− i+ j

l

)3

+

for interior indices, and by the analogous endpoint formulas for boundary splines, every univariate cubic B-spline can be826

implemented by a ReLU3 subnetwork. Moreover, products of nonnegative spline factors can be implemented by ReLU3827

networks using the identity828

xy =
1

2

[
(x+ y)2 − x2 − y2

]
,

together with the exact representation of x2 by ReLU3 units. Thus each tensor-product spline829

N
(4)
l,i (x) =

d∏
m=1

N
(4)
l,im

(xm)

can be implemented by a ReLU3 subnetwork. Summing over i ∈ Idl,4 with coefficients Λi(f
⋆) gives a sparse ReLU3 network830

FN satisfying831

FN = Q4,lf
⋆ on Ω.

As in the standard spline implementation argument, this network can be chosen with832

L = O(1), W = O(N), S = O(N), B = O(N).

Define833

fappN := TM ◦ FN .
Since834

∥FN∥L∞(µp,q) = ∥Q4,lf
⋆∥L∞(µp,q) < M0,

and TM is the identity on [−M0,M0], the clipping is inactive:835

fappN = FN = Q4,lf
⋆.

Therefore836

∥fappN ∥L∞(µp,q) ≤M, ∥∇fappN ∥L∞(µp,q) ≤M,

so837

fappN ∈ FM (L,W, S,B).

Finally, (25) yields838

∥fappN − f⋆∥H1(µp,q) ≲ N− s−1
d ∥f⋆∥Hs(µp,q).

Squaring both sides proves (24).839
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A.1. Proof of Lemma 3.3840

Proof. We first analyze the cross-entropy loss. For any x, let Gx(u) = −η(x) log σ(u)− (1− η(x)) log(1− σ(u)) be the841

conditional risk. A direct calculation yields the second derivative:842

G′′
x(u) = σ(u)(1− σ(u)) =

1

4 cosh2(u/2)
.

Since any f ∈ HM satisfies |f(x)| ≤M almost everywhere, the curvature is uniformly bounded from below and above:843

cmin ≤ G′′
x(u) ≤ 1

4
, ∀u ∈ [−M,M ]. (26)

SinceGx(u) is smooth with bounded derivatives on this compact interval, standard arguments from the calculus of variations844

imply that LCE is Fréchet differentiable with DLCE(g)[h] = E[G′
X(g(X))h(X)]. Applying Taylor’s theorem with integral845

remainder to Gx, we obtain:846

Gx(u)−Gx(v)−G′
x(v)(u− v) = (u− v)2

∫ 1

0

(1− t)G′′
x

(
v + t(u− v)

)
dt.

Using the bounds on G′′
x, this implies847

cmin

2
(u− v)2 ≤ Gx(u)−Gx(v)−G′

x(v)(u− v) ≤ 1

8
(u− v)2.

Integrating with respect to µ (setting u = f(x), v = g(x)) yields the strong convexity and smoothness estimates for LCE:848

cmin

2
∥f − g∥2L2 ≤ LCE(f)− LCE(g)−DLCE(g)[f − g] ≤ 1

2
∥f − g∥2L2 . (27)

We then analyze the regularizer. The functional R(f) = ∥∇f∥2L2(µ) is a standard quadratic form on the Hilbert space849

H1(µ). It is strictly convex and Fréchet differentiable with DΩ(g)[h] = 2⟨∇g,∇h⟩L2 . The polarization identity yields the850

exact expansion:851

R(f)− Ω(g)−DΩ(g)[f − g] = ∥∇(f − g)∥2L2(µ). (28)

Finally, we put together above results. Recall Jλ(f) = LCE(f) + λR(f). By linearity, DJλ = DLCE + λDΩ. Combining852

the lower bound from (27) and the identity (28), we obtain:853

Jλ(f)− Jλ(g)−DJλ(g)[f − g] ≥ cmin

2
∥f − g∥2L2 + λ∥∇(f − g)∥2L2 ,

which proves (10). Similarly, combining the upper bound from (27) with (28) yields (10).854

A.2. Proof of Lemma 3.4855

Proof. Denote δλ := fλ − f⋆. We proceed in three steps.856

Step 1: A pointwise calibration inequality along fλ − f⋆. From (26) we have857

cmin ≤ G′′
x(u) ≤ 1

4
for all u ∈ [−M,M ] and all x.

By the fundamental theorem of calculus,858

G′
x(f(x))−G′

x(f
⋆(x)) =

∫ 1

0

G′′
x

(
f⋆(x) + t(f(x)− f⋆(x))

)
(f(x)− f⋆(x)) dt.

Since f⋆ is the Bayes logit, we have G′
x(f

⋆(x)) = σ(f⋆(x))− η(x) = 0, so859

G′
x(f(x)) (f(x)− f⋆(x)) =

(∫ 1

0

G′′
x

(
f⋆(x) + t(f(x)− f⋆(x))

)
dt

)
(f(x)− f⋆(x))2.
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Define860

w(x) :=

∫ 1

0

G′′
x

(
f⋆(x) + t(f(x)− f⋆(x))

)
dt.

By the bounds on G′′
x, we have cmin ≤ w(x) ≤ cmax for all x. Moreover G′

x(f(x)) = σ(f(x))− η(x), so861

(σ(f(x))− η(x)) (f(x)− f⋆(x)) = w(x) (f(x)− f⋆(x))2.

Taking expectation with respect to X ∼ µ gives862

E
[
(σ(f(X))− η(X)) (f(X)− f⋆(X))

]
= E

[
w(X) (f(X)− f⋆(X))2

]
,

and hence863

cmin ∥f − f⋆∥2L2(µ) ≤ E
[
(σ(f(X))− η(X)) (f(X)− f⋆(X))

]
≤ 1

4
∥f − f⋆∥2L2(µ). (29)

This is the desired “gradient-distance” inequality along the direction f − f⋆.864

Step 2: First-order optimality of fλ and Green’s identity. Since fλ minimizes Jλ(f) over the convex set HM , and noting865

that f⋆ ∈ HM (which holds by the assumption M ≥M⋆), fλ satisfies the first-order variational inequality:866

DJλ(fλ)[f
⋆ − fλ] ≥ 0.

Let δλ := fλ − f⋆. The inequality above is equivalent to DJλ(fλ)[δλ] ≤ 0, which expands to:867

E
[
(σ(fλ)− η)δλ

]
+ 2λ (∇fλ,∇δλ)L2(µ) ≤ 0. (30)

Decomposing ∇fλ = ∇f⋆ +∇δλ gives868

(∇fλ,∇δλ)L2(µ) = ∥∇δλ∥2L2(µ) + (∇f⋆,∇δλ)L2(µ).

By the Neumann boundary condition in Assumption 2.1 and Green’s Identity, we have869

−(∇δλ,∇f⋆)L2(µ) = (∆f⋆ +∇f⋆ · ∇ logµ, δλ)L2(µ).

Recall870

R⋆0 := ∆f⋆ +∇f⋆ · ∇ logµ ∈ L2(µ).

Then871

(∇f⋆,∇δλ)L2(µ) = −(R⋆0, δλ)L2(µ).

Substituting into (30) yields872

E
[
(σ(fλ)− η)δλ

]
+ 2λ∥∇δλ∥2L2(µ) − 2λ(R⋆0, δλ)L2(µ) ≤ 0,

or equivalently873

E
[
(σ(fλ)− η)δλ

]
+ 2λ∥∇δλ∥2L2(µ) ≤ 2λ(R⋆0, δλ)L2(µ). (31)

Step 3: Combining the sandwich inequality and Cauchy–Schwarz. Applying the lower bound in (29) with f = fλ, we874

obtain875

cmin ∥δλ∥2L2(µ) ≤ E
[
(σ(fλ)− η)δλ

]
.

Combining this with (31), we get876

cmin ∥δλ∥2L2(µ) + 2λ∥∇δλ∥2L2(µ) ≤ 2λ(R⋆0, δλ)L2(µ) ≤ 2λ ∥R⋆0∥L2(µ) ∥δλ∥L2(µ). (32)

We now extract the desired bounds from (32).877
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(i) Value bias. Dropping the nonnegative gradient term on the left-hand side gives878

cmin ∥δλ∥2L2(µ) ≤ 2λ ∥R⋆0∥L2(µ) ∥δλ∥L2(µ).

If δλ ≡ 0, the conclusion is trivial. Otherwise, dividing both sides by ∥δλ∥L2(µ),879

∥δλ∥L2(µ) ≤
2 ∥R⋆0∥L2(µ)

cmin
λ.

Hence880

∥fλ − f⋆∥2L2(µ) = ∥δλ∥2L2(µ) ≤
(2 ∥R⋆0∥L2(µ)

cmin

)2
λ2. (33)

(ii) Gradient bias. Substituting the bound ∥δλ∥L2(µ) ≤
(
2 ∥R⋆0∥L2(µ)/cmin

)
λ back into (32), we obtain881

2λ∥∇δλ∥2L2(µ) ≤ 2λ ∥R⋆0∥L2(µ) ∥δλ∥L2(µ) ≤ 2λ ∥R⋆0∥L2(µ) ·
2 ∥R⋆0∥L2(µ)

cmin
λ =

4 ∥R⋆0∥2L2(µ)

cmin
λ2.

Dividing by 2λ (recall λ > 0) yields882

∥∇(fλ − f⋆)∥2L2(µ) = ∥∇δλ∥2L2(µ) ≤
2 ∥R⋆0∥2L2(µ)

cmin
λ. (34)

Using the explicit value cmin = 1/(4 cosh2(M/2)), we can write883

(2 ∥R⋆0∥L2(µ)

cmin

)2
= 64 ∥R⋆0∥2L2(µ) cosh

4(M/2),
2 ∥R⋆0∥2L2(µ)

cmin
= 8 ∥R⋆0∥2L2(µ) cosh

2(M/2).

Thus we may take β = 64 ∥R⋆0∥2L2(µ) cosh
4
(
M
2

)
so that884

max
{
64 ∥R⋆0∥2L2(µ) cosh

4
(
M
2

)
, 8 ∥R⋆0∥2L2(µ) cosh

2
(
M
2

)}
≤ β.

885

A.3. Proof of Theorem 3.5886

Let {σi}2ni=1 be i.i.d. Rademacher random variables, i.e. P(σi = 1) = P(σi = −1) = 1/2. The empirical Rademacher887

complexity of a function class G with respect to D = {(Xi, Yi)}2ni=1 is defined as888

Rn(G) := Eσ

[
sup
g∈G

1

2n

2n∑
i=1

σig(Xi, Yi)

∣∣∣∣∣D
]
.

Proof. Fix t > 0. For f ∈ F , define889

E(f) := Jλ(f)− Jλ(fλ) ≥ 0.

Define the shifted excess-loss function890

gf (x, y) := ℓCE(y, f(x))− ℓCE(y, f0(x)) + λ
(
∥∇f(x)∥22 − ∥∇f0(x)∥22

)
.

Then891

E[gf ] = Jλ(f)− Jλ(f0) = E(f)− E(f0),

and892

1

2n

2n∑
i=1

gf (Xi, Yi) = Ĵλ,D(f)− Ĵλ,D(f0).
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Step 1: Local Rademacher complexity bound. For r > 0, define the localized set893

Lsh
r (Ω) := {f ∈ F : E(f) + E(f0) ≤ r} ,

and define the shifted localized loss class894

Ssh
r (Ω) :=

{
gf : Ω× {0, 1} → R

∣∣ f ∈ Lsh
r (Ω)

}
.

We claim that for r ≳ n−2,895

Rn(Ssh
r (Ω)) ≤ ϕ(r) := CM

√
S3Lr

n
log(BWn), (35)

and ϕ(4r) ≤ 2ϕ(r).896

We first prove the Lipschitz property of the shifted excess loss. Since897

∂uℓCE(y, u) = σ(u)− y,

the cross-entropy loss is 1-Lipschitz in u. For any f1, f2 ∈ Lsh
r (Ω), using the fixed clipped-gradient envelope898

∥fj∥L∞(µ) ≤M, ∥∇fj∥L∞(µ) ≤M, j = 1, 2,

we obtain899

|gf1(x, y)− gf2(x, y)| =
∣∣ℓCE(y, f1(x))− ℓCE(y, f2(x)) + λ

(
∥∇f1(x)∥22 − ∥∇f2(x)∥22

)∣∣
≤ |f1(x)− f2(x)|+ λ (∥∇f1(x)∥2 + ∥∇f2(x)∥2) ∥∇f1(x)−∇f2(x)∥2
≤ |f1(x)− f2(x)|+ 2Mλ∥∇f1(x)−∇f2(x)∥2.

Thus gf is Lipschitz in (f, λ∇f), with Lipschitz constant depending only on M .900

Next we relate the shifted localization E(f) +E(f0) ≤ r to a radius constraint around f0. By Lemma 3.3, for all f ∈ HM ,901

E(f) = Jλ(f)− Jλ(fλ) ≥
cmin

2
∥f − fλ∥2L2(µ) + λ∥∇(f − fλ)∥2L2(µ).

Similarly,902

E(f0) = Jλ(f0)− Jλ(fλ) ≥
cmin

2
∥f0 − fλ∥2L2(µ) + λ∥∇(f0 − fλ)∥2L2(µ).

Therefore, if f ∈ Lsh
r (Ω), then903

∥f − f0∥2L2(µ) ≤ 2∥f − fλ∥2L2(µ) + 2∥f0 − fλ∥2L2(µ) ≤
4

cmin
r,

and904

∥λ∇(f − f0)∥2L2(µ) ≤ 2λ2∥∇(f − fλ)∥2L2(µ) + 2λ2∥∇(f0 − fλ)∥2L2(µ) ≤ 2λr ≤ 2r,

where we used 0 < λ < 1.905

Applying the Talagrand contraction lemma to the Lipschitz inequality above, and then applying the derivative-augmented906

covering-number argument as in Lemma A.26 of (Lu et al., 2021), we obtain, for all r ≳ n−2,907

Rn(Ssh
r (Ω))

⋄1

≲M Rn

(
{f − f0 : f ∈ Lsh

r (Ω)}
)

+Rn

(
{λ∇f − λ∇f0 : f ∈ Lsh

r (Ω)}
)

⋄2

≲M
1

n
+

1√
n

∫ C
√
r

1/n

√
S
[
log(δ−1) + 3L log(WB)

]
dδ

⋄3

≲M

√
S3Lr

n
log(BWn).

(A.xx)
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Here ⋄1 follows from the Talagrand contraction lemma applied to the Lipschitz bound908

|gf1(x, y)− gf2(x, y)| ≤ |f1(x)− f2(x)|+ 2Mλ∥∇f1(x)−∇f2(x)∥2.

Thus the Rademacher complexity of the shifted loss class is reduced to the complexities of the localized function and909

gradient classes.910

The step ⋄2 uses the shifted localization E(f) + E(f0) ≤ r. By strong convexity of Jλ,911

∥f − f0∥2L2(µ) + ∥λ∇(f − f0)∥2L2(µ) ≲M r.

Hence both localized classes have L2-radius of order
√
r. Combining this radius bound with the derivative-augmented912

covering-number estimate for sparse ReLU3 networks yields the Dudley entropy integral with upper limit C
√
r.913

Finally, ⋄3 evaluates the Dudley integral and absorbs the 1/n term into the square-root term using r ≳ n−2. Therefore914

Rn(Ssh
r (Ω)) ≤ ϕ(r) := CM

√
S3Lr

n
log(BWn).

The sub-root property ϕ(4r) ≤ 2ϕ(r) follows immediately from the square-root dependence on r.915

Step 2: Peeling and the normalized empirical process. The local Rademacher bound in Step 1 controls the class only on916

each localized shell917

Ssh
s (Ω) = {gf : E(f) + E(f0) ≤ s}.

To turn these shell-wise bounds into a uniform bound over the whole class F , we introduce the normalized class918

Ŝsh
r (Ω) :=

{
ĝf : ĝf (x, y) =

gf (x, y)

E(f) + E(f0) + r
, f ∈ F

}
.

The denominator is positive because E(f) ≥ 0, E(f0) ≥ 0, and r > 0. The role of the denominator is to rescale each919

function according to its own local radius E(f) +E(f0). Thus, functions lying farther from the population minimizer are920

placed in larger shells and are normalized more strongly.921

Applying the peeling lemma, Lemma A.7 in (Lu et al., 2021), with the localization functional922

U(f) := E(f) + E(f0),

and using the sub-root bound923

Rn(Ssh
s (Ω)) ≤ ϕ(s),

we obtain924

Rn(Ŝsh
r (Ω)) ≤ 4ϕ(r)

r
.

In words, peeling converts the local Rademacher bounds on the shells {U(f) ≤ s} into a single Rademacher bound for the925

normalized global class.926

We now pass from the normalized loss class to the centered normalized empirical process. Define927

T̃ sh
r (Ω) :=

{
g̃f : Ω× {0, 1} → R

∣∣∣∣ g̃f (x, y) = E[gf ]− gf (x, y)

E(f) + E(f0) + r
, f ∈ F

}
.

Let (X ′
i, Y

′
i )

2n
i=1 be an independent ghost sample. By the symmetrization lemma, Lemma A.3 in (Lu et al., 2021),928

sup
g̃∈T̃ sh

r

E

[
1

2n

2n∑
i=1

g̃(X ′
i, Y

′
i )

]
≤ 2Rn(Ŝsh

r (Ω))

≤ 8ϕ(r)

r
.
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Therefore,929

sup
g̃∈T̃ sh

r

E

[
1

2n

2n∑
i=1

g̃(X ′
i, Y

′
i )

]
≤ 8ϕ(r)

r
. (36)

Step 3: Verifying the Talagrand conditions. For any f ∈ F , since both f and f0 lie in the clipped and gradient-bounded930

sieve,931

∥f∥∞, ∥f0∥∞, ∥∇f∥∞, ∥∇f0∥∞ ≤M.

Hence, for every (x, y),932

|gf (x, y)| ≤ |ℓCE(y, f(x))|+ |ℓCE(y, f0(x))|+ λ
(
∥∇f(x)∥22 + ∥∇f0(x)∥22

)
≤ 2(log(1 + eM ) +M) + 2λM2

≤ 2(log(1 + eM ) +M) + 2M2 =:M∞.

Therefore933

∥g̃f∥∞ ≤ 2M∞

r
=: βTal. (37)

We next bound the second moment. From the Lipschitz estimate in Step 1,934

|gf (x, y)| ≤ |f(x)− f0(x)|+ 2Mλ∥∇f(x)−∇f0(x)∥2.

Thus935

E[g2f ] ≤ CM

(
∥f − f0∥2L2(µ) + ∥λ∇(f − f0)∥2L2(µ)

)
.

Using the strong-convexity bounds from Step 1,936

E[g2f ] ≤ CM (E(f) + E(f0)).

Consequently,937

E[g̃2f ] =
E[(gf − E[gf ])2]

(E(f) + E(f0) + r)2
≤

E[g2f ]
(E(f) + E(f0) + r)2

≤ CM
r

=: σ2
Tal.

Moreover,938

E[g̃f ] = 0.

Step 4: Talagrand concentration and choosing the radius. By Talagrand’s inequality, with probability at least 1− e−t,939

sup
g̃∈T̃ sh

r

1

2n

2n∑
i=1

g̃(Xi, Yi) ≤ 2 sup
g̃∈T̃ sh

r

E

[
1

2n

2n∑
i=1

g̃(X ′
i, Y

′
i )

]
+

√
2tσ2

Tal

n
+

2tβTal
n

≤ 16ϕ(r)

r
+ CM

√
t

nr
+
CM t

nr
=: ψ(r).

Choose940

r0 := C ′
M max

{
r⋆,

t

n

}
,

where C ′
M is large enough. Since ϕ is sub-root and r⋆ is its critical radius, the first term satisfies941

16ϕ(r0)

r0
≤ 1

8
.

The choice r0 ≳ t/n also gives942

CM

√
t

nr0
≤ 1

6
,

CM t

nr0
≤ 1

6
,

after increasing C ′
M if necessary. Therefore,943

ψ(r0) <
1

2
.
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Step 5: Concluding the shifted oracle bound. Pick r = r0. On the event above, for every f ∈ F ,944

Gn(f)
E(f) + E(f0) + r0

=
1

2n

2n∑
i=1

g̃f (Xi, Yi) ≤
1

2
,

where945

Gn(f) :=
[
Jλ(f)− Ĵλ,D(f)

]
−
[
Jλ(f0)− Ĵλ,D(f0)

]
.

Thus946

Gn(f) ≤
1

2
E(f) +

1

2
E(f0) +

1

2
r0.

Now take f = f̂λ,F . By empirical optimality,947

Ĵλ,D(f̂λ,F ) ≤ Ĵλ,D(f0).

Therefore948

E(f̂λ,F ) = Jλ(f̂λ,F )− Jλ(fλ)

≤
[
Jλ(f̂λ,F )− Ĵλ,D(f̂λ,F )

]
−
[
Jλ(f0)− Ĵλ,D(f0)

]
+ E(f0)

= Gn(f̂λ,F ) + E(f0)

≤ 1

2
E(f̂λ,F ) +

3

2
E(f0) +

1

2
r0.

Rearranging gives949

E(f̂λ,F ) ≤ 3E(f0) + r0.

Since r0 ≲ max{r⋆, t/n}, we conclude that950

Jλ(f̂λ,F )− Jλ(fλ) ≲ E(f0) + r⋆ +
t

n
.

This proves the theorem.951

A.4. Proof of Theorem 3.1952

Proof. Let953

F := FM (Ln,Wn, Sn, Bn).

By Proposition A.4, there exists954

f0 = fappF ∈ F
such that955

∥f0 − f⋆∥2H1(µ) ≤ CappN
− 2(s−1)

d . (38)

Define956

δN := N− s−1
d .

Then957

∥f0 − f⋆∥L2(µ) ≤ C1/2
appδN , ∥∇(f0 − f⋆)∥L2(µ) ≤ C1/2

appδN .

We first bound the comparator excess958

E(f0) := Jλ(f0)− Jλ(fλ).

Since fλ minimizes Jλ, E(f0) ≥ 0. Moreover,959

E(f0) ≤ Jλ(f0)− Jλ(f
⋆) + Jλ(f

⋆)− Jλ(fλ).

Step 1: Bound Jλ(f0)− Jλ(f
⋆). Since f⋆ minimizes the population cross-entropy risk and960

∂2uℓCE(y, u) = σ(u)(1− σ(u)) ≤ 1

4
,
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we have961

LCE(f0)− LCE(f
⋆) ≤ 1

8
∥f0 − f⋆∥2L2(µ) ≤

1

8
Cappδ

2
N .

For the Sobolev penalty, using962

∥∇f0∥L∞(µ) ≤M, ∥∇f⋆∥L∞(µ) ≤M,

we obtain963

λ
∣∣∣∥∇f0∥2L2(µ) − ∥∇f⋆∥2L2(µ)

∣∣∣ ≤ λ

∫
(∥∇f0∥2 + ∥∇f⋆∥2) ∥∇(f0 − f⋆)∥2 dµ

≤ 2Mλ∥∇(f0 − f⋆)∥L2(µ)

≤ 2MC1/2
appλδN .

Therefore964

Jλ(f0)− Jλ(f
⋆) ≤ 1

8
Cappδ

2
N + 2MC1/2

appλδN . (39)

Step 2: Bound Jλ(f⋆)− Jλ(fλ). Since f⋆ minimizes LCE,965

LCE(f
⋆)− LCE(fλ) ≤ 0.

Thus966

Jλ(f
⋆)− Jλ(fλ) ≤ λ

(
∥∇f⋆∥2L2(µ) − ∥∇fλ∥2L2(µ)

)
.

Let967

δλ := fλ − f⋆.

Then968

∥∇f⋆∥2L2(µ) − ∥∇fλ∥2L2(µ) = −2⟨∇f⋆,∇δλ⟩L2(µ) − ∥∇δλ∥2L2(µ).

Hence969

Jλ(f
⋆)− Jλ(fλ) ≤ 2λ

∣∣⟨∇f⋆,∇δλ⟩L2(µ)

∣∣ .
Using the same Green identity as in Lemma 3.4,970 ∣∣⟨∇f⋆,∇δλ⟩L2(µ)

∣∣ = ∣∣⟨R⋆0, δλ⟩L2(µ)

∣∣ ≤ ∥R⋆0∥L2(µ)∥δλ∥L2(µ).

Let971

B0 := ∥R⋆0∥L2(µ).

By Lemma 3.4,972

∥δλ∥L2(µ) ≤
√
βλ.

Therefore973

Jλ(f
⋆)− Jλ(fλ) ≤ 2B0

√
β λ2. (40)

Combining (39) and (40), we obtain974

E(f0) ≤
1

8
Cappδ

2
N + 2MC1/2

appλδN + 2B0

√
βλ2. (41)

Step 3: Apply the shifted oracle inequality. Apply Theorem 3.5 with t = 2 log n. With probability at least 1− n−2,975

Jλ(f̂λ,F )− Jλ(fλ) ≤ Cor

(
E(f0) + r⋆ +

log n

n

)
.

Using (41), we get976

Jλ(f̂λ,F )− Jλ(fλ) ≤ Cor

[
1

8
Cappδ

2
N + 2MC1/2

appλδN + 2B0

√
βλ2 + r⋆ +

log n

n

]
. (42)
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Step 4: Convert excess risk to L2 and gradient errors. By Lemma 3.3, for any f, g ∈ HM ,977

Jλ(f)− Jλ(g)−DJλ(g)[f − g] ≥ cmin

2
∥f − g∥2L2(µ) + λ∥∇(f − g)∥2L2(µ).

Since fλ is the population minimizer, the first-order optimality condition gives978

DJλ(fλ)[f̂λ,F − fλ] ≥ 0.

Therefore979
cmin

2
∥f̂λ,F − fλ∥2L2(µ) + λ∥∇(f̂λ,F − fλ)∥2L2(µ) ≤ Jλ(f̂λ,F )− Jλ(fλ).

Combining this with (42), we obtain980

∥f̂λ,F − fλ∥2L2(µ) ≤
2Cor

cmin

[
1

8
Cappδ

2
N + 2MC1/2

appλδN + 2B0

√
βλ2 + r⋆ +

log n

n

]
, (43)

and981

∥∇(f̂λ,F − fλ)∥2L2(µ) ≤
Cor

λ

[
1

8
Cappδ

2
N + 2MC1/2

appλδN + 2B0

√
βλ2 + r⋆ +

log n

n

]
. (44)

Step 5: Add the regularization bias. By Lemma 3.4,982

∥fλ − f⋆∥2L2(µ) ≤ βλ2, ∥∇(fλ − f⋆)∥2L2(µ) ≤ βλ.

Using the triangle inequality,983

∥f̂λ,F − f⋆∥2L2(µ) ≤ 2∥f̂λ,F − fλ∥2L2(µ) + 2∥fλ − f⋆∥2L2(µ),

and984

∥∇(f̂λ,F − f⋆)∥2L2(µ) ≤ 2∥∇(f̂λ,F − fλ)∥2L2(µ) + 2∥∇(fλ − f⋆)∥2L2(µ).

Therefore985

∥f̂λ,F − f⋆∥2H1(µ) ≤
(
4Cor

cmin
+

2Cor

λ

)[
1

8
Cappδ

2
N + 2MC1/2

appλδN + 2B0

√
βλ2 + r⋆ +

log n

n

]
+ 2βλ2 + 2βλ. (45)

Step 6: Choose λ and N . The critical radius satisfies986

r⋆ ≤ Crad
N(logN + log n)

n
,

where Crad depends only on the fixed sieve envelope M and fixed depth L = O(1).987

Choose988

λ ≍ δN = N− s−1
d .

Since cmin, M , B0, β, Capp, and Cor are independent of n, the leading terms in (45) are bounded by989

C

[
δN +

r⋆

δN
+

log n

nδN

]
.

Since r⋆ ≳ N/n up to logarithmic factors, the term990

log n

nδN

is dominated by r⋆/δN . Hence991

∥f̂λ,F − f⋆∥2H1(µ) ≤ C

[
N− s−1

d +
N1+ s−1

d (logN + log n)

n

]
.
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Balancing the two terms gives992

N− s−1
d ≍ N1+ s−1

d

n
,

and therefore993

N ≍ n
d

d+2s−2 .

Consequently,994

λ ≍ N− s−1
d ≍ n−

s−1
d+2s−2 .

Substituting this choice yields995

∥f̂λ,F − f⋆∥2H1(µ) ≤ Cn−
s−1

d+2s−2 log n.

This proves the theorem.996

B. Proof of Theorem 4.1: minimax lower bound997

Proof. Step 1: Local packing on P with enough separation. Let V be a finite index set. We construct a finite subset998

{pv, qv}v∈V of P on which the corresponding log-density ratio fv has a non-trivial H1-separation. We achieve this999

goal by first defining some saperating functions and then correct them to be the log-density ratio.1000

Let η : R → R be the one-dimensional C∞ bump1001

η(t) :=

{
exp
(
− 1

t(1−t)
)
, t ∈ (0, 1),

0, t /∈ (0, 1),

and define1002

φ(x) :=

d∏
i=1

η(xi), x = (x1, . . . , xd) ∈ Rd.

Then φ ∈ C∞(Rd), φ ≥ 0, ∇φ ̸≡ 0 , and supp(φ) ⊂ [0, 1]d.1003

For an integer m ≥ 1 we partition [0, 1]d into md disjoint cubes of side length ≍ 1/m and choose points {xj}j∈[m]d ⊂ Rd1004

such that the cubes xj + [0, 1/m]d are disjoint and contained in [0, 1]d. For each j ∈ [m]d define the rescaled bump by1005

φm,j(x) := φ
(
m(x− xj)

)
.

Using the change of variables u = m(x− xj) and standard Sobolev scaling, we obtain1006

∥φm,j∥2L2(µ0)
≍ m−d, ∥∇φm,j∥2L2(µ0)

≍ m2−d, ∥φm,j∥2Hs(µ0)
≍ m2s−d, (46)

where the implicit constants depend only on φ and the density bounds for µp,q .1007

By the Varshamov-Gilbert bound(Takezawa, 2005), there exists a subset1008 {
τ (1), . . . , τ (N)

}
⊂ {0, 1}m

d

such that1009

N ≥ 2m
d/8, ∥τ (v) − τ (v

′)∥22 ≥ md

8
for all v ̸= v′.

1010

Fix an amplitude am > 0 (to be specified below) and define1011

f̃v(x) := am

md∑
j=1

τ
(v)
j φm,j(x), v = 1, . . . , N.
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For each such f̃v we define an associated pair of probability densities (pv, qv) on Ω as follows. First set1012

p̃v(x) := σ
(
− f̃v(x)

)
, q̃v(x) := σ

(
f̃v(x)

)
, x ∈ Ω,

and then normalize:1013

pv(x) :=
σ
(
− f̃v(x)

)
Zp

, qv(x) :=
σ
(
f̃v(x)

)
Zq

Zp =

∫
Ω

σ
(
− f̃v(x)

)
du, Zq =

∫
Ω

σ
(
f̃v(x)

)
du

By construction, pv and qv are probability densities on Ω. We have fv = log qv
pv

= f̃v − logZp − logZq . We need to prove1014

that they satisfy Assumption 2.1.1015

Observe that | logZp|, | logZq| ≤ supx∈Ω |f̃v(x)|. Since the supports of the φm,j are disjoint, we have1016

sup
x∈Ω

|fv(x)| ≤ 3 sup
x∈Rd

|f̃v(x)| ≤ 3ammax
j

sup
x∈Rd

|φm,j(x)| ≲ am, (47)

∥fv∥2Hs(µ0)
≲ a2m

md∑
j=1

∥φm,j∥2Hs(µpk,qk
) + 2 sup

x∈Rd

|f̃k(x)| ≲ a2mm
dm2s−d + 2a2m = a2mm

2s + a2m. (48)

Hence by choosing am of order m−s with a sufficiently small constant, we can ensure that1017

∥fv∥Hs(µ0) <∞, sup
x∈Ω

|fv(x)| ≤M.

Since fv is bounded and smooth with compact support, it satisfies the condition 3 in Assumption 2.1. Also (pv, qv) are1018

strictly positive and C2. Moreover, since the support of φ has distance d ≃ 1/m away from ∂[0, 1]d, pv and qv is constant1019

on ∂Ω and thus satisfy Neumann boundary condition. Since 1
2pv +

1
2qv is always the uniform distribution, following the1020

binary classification form (6), fv induces the joint distribution Pv for (X,Y ) by1021

X ∼ µ0, Y | X = x ∼ Bernoulli(σ(fv(x))).

Since we verify all the conditions, we have (pv, qv) ∈ P .1022

Finally we are ready to show the pairwise separation results in H1. For v ̸= v′, using disjoint supports and (46),1023

∥∇fv −∇fv′∥2L2(µ0)
= a2m

md∑
j=1

(
τ
(k)
j − τ

(v′)
j

)2∥∇φm,j∥2L2(µ)

≳ a2m

( md∑
j=1

∣∣τ (k)j − τ
(v′)
j

∣∣2)m2−d

≳ a2m (md)m2−d ≍ a2mm
2 ≍ m−2sm2 = m−2(s−1).

So we deduce that, there exists constant c1 > 0 so that1024

∥fv − fv′∥2H1(µ0)
= ∥fv − fv′∥2L2(µ0)

+ ∥∇fv −∇fv′∥2L2(µ0)
≥ c1m

−2(s−1), v ̸= v′. (49)

Hence the family {f1, . . . , fN} is separated in H1(µ0) with separation order of m−2(s−1).1025

Step 2: KL upper bound for the joint measure Pv . Consider two candidates Pv and Pv′ on (X,Y ) pair. Conditioned on x,1026

the conditional KL divergence is1027

KLx(f, g) := KL
(
Bern(σ(f(x)))

∥∥∥Bern(σ(g(x))))
= EY∼Bern(σ(f(x)))

[
ℓCE(f(x);Y )− ℓCE(g(x);Y )

]
= Gx(f(x))−Gx(g(x)).

(50)
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Note that for every x and every t ∈ [0, 1],1028

cmin ≤ G′′
x

(
f(x) + t(g(x)− f(x))

)
≤ cmax.

So by Taylor’s theorem with integral remainder, for each fixed x we have1029

cmin

2
(f(x)− g(x))2 ≤ Gx(f(x))−Gx(g(x)) ≤ cmax

2
(f(x)− g(x))2.

Since Pv and Pv′ share the same marginal distribution on x part, taking expectation for x with respect to µ0, we have1030

cmin∥f − g∥2L2(µ0)
≲ KL(Pv∥Pv′) ≲ cmax∥f − g∥2L2(µ0)

. (51)

Now consider 2n pairs (Xi, Yi)
2n
i=1 drawn from i.i.d. Pv . Denote the product measure as P 2n

v . For each v ̸= v′,1031

KL(P 2n
v ∥P 2n

v′ ) = 2nKL(Pv∥Pv′) ≲ 2n ∥fv − fv′∥2L2(µ0)
(52)

Note that
∑md

j=1

∣∣τ (k)j − τ
(v′)
j

∣∣2 ≤ md, so we have1032

∥fv − fv′∥2L2(µ0)
≤ ∥f̃k − f̃v′∥2L2(µ0)

+ | logZk − logZv′ |2

≤ a2m

md∑
j=1

(
τ
(k)
j − τ

(v′)
j

)2∥φm,j∥2L2(µ0)
+ 2 sup

x∈Rd

|f̃k(x)|2

≲ a2m

( md∑
j=1

∣∣τ (k)j − τ
(v′)
j

∣∣2)m−d + a2m

≲ a2m (md)m−d + a2m ≍ a2m ≍ m−2s.

(53)

Combining (52) with (53) we get1033

KL(P 2n
v ∥P 2n

v′ ) ≲ nm−2s. (54)

Step 3: Local Fano reduction and minimax lower bound. Recall the finite family {f1, . . . , fN} constructed in Step 1.1034

Let V be a random index uniformly distributed on {1, . . . , N}, and conditional on V = v let (Xi, Yi)}2ni=1 ∼ Pv. Any1035

estimator f̂ = ψ({(Xi, Yi)}2ni=1) induces a testing rule1036

V̂ ({(Xi, Yi)}2ni=1) := argmin
0≤v≤N

∥∥ψ({(Xi, Yi)}2ni=1)− fv
∥∥
H1(µ0)

,

with error probability P(V̂ ̸= V ). By the H1-separation in (49), we have1037

∥fv − fv′∥2H1(µ0)
≥ c1m

−2(s−1), v ̸= v′.

if V̂ ̸= V , then
∥∥f̂ − fV

∥∥
H1(µ0)

≥
∥∥f̂ − fV̂

∥∥
H1(µ0)

, so we have
∥∥f̂ − fV

∥∥
H1(µ0)

≥ c1
2 m

−2(s−1). Hence1038

sup
0≤v≤N

EPk

[
∥f̂ − fv∥2H1(µ0)

]
≥ E

[
∥f̂ − fV ∥2H1(µ0)

]
≥ c1

2
m−2(s−1)P(V̂ ̸= V ). (55)

The remaining step is to bound P(V̂ ̸= V ). From Step 2, Applying KL bound (54) yields1039

KL
(
Pv
∥∥Pv′) = KL

(
P 2n
v

∥∥P 2n
v′
)

≲ 2n ∥fv − fv′∥2L2(µ0)
≲ nm−2s.

So if we choose1040

m ≳ n1/(2s+d),
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we will have KL
(
Pv
∥∥Pv′) ≲ md. Therefore, by local Fano inequality (Takezawa, 2005) and logN ≍ md, we will have1041

P(V̂ ̸= V ) ≥ 1− I(V ; {(Xi, Yi)}2ni=1) + log 2

logN

≥ 1−
1/N2 ×

∑
v,v′ KL(Pv∥Pv′) + log 2

logN
≥ 1

2
,

(56)

where the last inequality holds if we take am to be sufficiently small. Combining (55) and (56), and taking inf for any1042

estimator ψ , we have1043

inf
ψ

sup
0≤v≤N

EPv

[
∥ψ({(Xi, Yi)}2ni=1)− fv∥2H1(µ0)

]
≳ n−

2(s−1)
2s+d .

1044

C. Proof for the extension to diffusion models1045

In this section we prove Theorem 5.2. We work on the bounded time-space cylinder1046

C2R := [t0, T ]×B2R, B2R := {x ∈ Rd : ∥x∥ ≤ 2R},

and use a projection-rescaling argument so that the neural network is trained on the fixed compact spatial domain B1.1047

C.1. Notation1048

Throughout Appendix C, for each truncation radius R ≥ 1, we use the R-dependent clipped-gradient time-space class1049

FR := F (d+1)
MR

(L,W, S,B), D = d+ 1, MR := CM (1 +R),

on the fixed input domain1050

C1 := [t0, T ]×B1 ⊂ Rd+1.

The input variable is (t, x̄), and time is treated as an ordinary network input. By definition of FR,1051

∥f∥L∞(C1) ≤MR, ∥∇x̄f∥L∞(C1) ≤MR, f ∈ FR.

Time-dependent label-augmented model and truncated population risk. For each t ∈ [t0, T ], define a joint distribution1052

µx,yt on Rd × {0, 1} by1053

Y ∼ Bernoulli(1/2), X | (Y = 1) ∼ qt, X | (Y = 0) ∼ pt. (57)

The time-t mixture marginal of X is1054

µt(dx) = ρt(x) dx, ρt(x) :=
1

2
(pt(x) + qt(x)).

We also write1055

ηt(x) := P(Y = 1 | X = x) =
qt(x)

pt(x) + qt(x)
.

Recall the pointwise H1-loss density in (15). For any function h : [t0, T ] × Rd → R, define the truncated population1056

functional on C2R by1057

Jλ,2R(h) :=

∫ T

t0

E(X,Y )∼µx,y
t

[
1{X ∈ B2R}

(
ℓCE(Y, h(t,X)) + λ∥∇xh(t,X)∥2

)]
dt. (58)
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Projection-rescaling and the induced estimator on B2R. Recall the projection1058

Π2R(x) =
x

max{1, ∥x∥/(2R)}
∈ B2R, x̄ = Π2R(x)/(2R) ∈ B1.

Given any f : [t0, T ]×B1 → R, define its pull-back to C2R by1059

(PRf)(t, x) := f
(
t,
x

2R

)
, x ∈ B2R. (59)

A direct differentiation gives the gradient relation on B2R:1060

∇x(PRf)(t, x) =
1

2R
∇x̄f

(
t,
x

2R

)
. (60)

Define the rescaled target on C1 by1061

f⋆R(t, x̄) := f⋆(t, 2Rx̄), (t, x̄) ∈ C1. (61)

Then for x ∈ B2R,1062

f⋆(t, x) = f⋆R

(
t,
x

2R

)
, ∇xf

⋆(t, x) =
1

2R
∇x̄f

⋆
R

(
t,
x

2R

)
. (62)

The associated pulled-back network class on C2R is1063

F2R := {PRf : f ∈ FR}. (63)

For every h = PRf ∈ F2R, the definition of FR and (60) imply1064

∥h∥L∞(C2R) ≤MR, ∥∇xh∥L∞(C2R) ≤
MR

2R
≤ CM , R ≥ 1. (64)

Norms. On C2R, we use the µt-weighted spatial Sobolev norm1065

∥g∥2H1,x(C2R) :=

∫ T

t0

∫
B2R

(
|g(t, x)|2 + ∥∇xg(t, x)∥2

)
dµt(x) dt. (65)

On the fixed unit cylinder C1, we use the Lebesgue spatial Sobolev norm1066

∥u∥2H1,x̄(C1;Leb)
:=

∫ T

t0

∫
B1

(
|u(t, x̄)|2 + ∥∇x̄u(t, x̄)∥2

)
dx̄ dt. (66)

For integer s ≥ 1, we use the full time-space Sobolev norm1067

∥u∥2Hs
t,x̄(C1;Leb)

:=
∑

a+|γ|≤s

∫ T

t0

∫
B1

∣∣∂atDγ
x̄u(t, x̄)

∣∣2 dx̄ dt. (67)

Here H1,x̄ measures only spatial derivatives, while Hs
t,x̄ measures derivatives in both time and space.1068

For a function g : C2R → R, define its spatially rescaled version by1069

g(R)(t, x̄) := g(t, 2Rx̄), (t, x̄) ∈ C1. (68)

In particular, for the target f⋆, define1070

As(R) := (2R)d
∥∥(f⋆)(R)

∥∥2
Hs

t,x̄(C1;Leb)
. (69)

Bounded Sobolev classes on truncated cylinders. For R > 0 and M > 0, define the bounded Sobolev class on C2R by1071

HM (C2R) :=
{
h : C2R → R

∣∣∣ h ∈ H1,x(C2R), |h(t, x)| ≤M for a.e. (t, x) ∈ C2R

}
. (70)
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C.2. Uniform bounds on the pulled-back class and auxiliary lemmas1072

We first collect the Gaussian-convolution bounds.1073

Lemma C.1 (Basic consequences of the regular VP assumption). Suppose Assumption 5.1 holds. Define1074

νp,t := (αt)#p0, νq,t := (αt)#q0, Rν := CVPRinit.

Then1075

supp(νp,t) ∪ supp(νq,t) ⊆ BRν , σ ≤ σt ≤ σ, t ∈ [t0, T ].

Moreover, there exist constants C, c,K <∞, depending only on1076

d, s, t0, T,Rinit, σ, σ, CVP,

such that the following bounds hold uniformly over t ∈ [t0, T ].1077

First, the mixture measure has sub-Gaussian tails: for every u ≥ 0,1078

µt({x : ∥x∥ > u}) ≤ C exp{−c(u−Rν)
2
+}. (71)

More generally, for every m ≥ 0,1079 ∫
{∥x∥>u}

(1 + ∥x∥)m dµt(x) ≤ Cm(1 + u)m exp{−cm(u−Rν)
2
+}. (72)

Second, the log-density ratio has at most linear growth:1080

|f⋆(t, x)| ≤ C(1 + ∥x∥). (73)

Its spatial gradient is uniformly bounded:1081

∥∇xf
⋆(t, x)∥ ≤ C. (74)

Finally, for every pair of multi-indices (a, b) satisfying a+ |b| ≤ s,1082 ∣∣∂atDb
xf

⋆(t, x)
∣∣ ≤ C(1 + ∥x∥)K . (75)

Proof. The support statement follows directly from the VP representation. Since supp(p0) ∪ supp(q0) ⊆ BRinit
and1083

|αt| ≤ CVP,

we have1084

supp((αt)#p0) ∪ supp((αt)#q0) ⊆ BCVPRinit = BRν .

We first prove the tail bounds. If Z0 is supported in BRinit , then1085

Zt = αtZ0 + σtξ

satisfies1086

∥Zt∥ ≤ Rν + σ∥ξ∥.

Therefore1087

P(∥Zt∥ > u) ≤ P
(
∥ξ∥ > (u−Rν)+

σ

)
≤ C exp{−c(u−Rν)

2
+}.

This holds for both pt and qt, hence for their mixture µt. The polynomial tail-moment bound (72) follows from the same1088

Gaussian tail estimate by integration by parts.1089

Next we study the density ratio. Write σ = σt. Since1090

pt = (αt)#p0 ∗ N (0, σ2
t I), qt = (αt)#q0 ∗ N (0, σ2

t I),
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we have1091

pt(x) =

∫
(2πσ2)−d/2 exp

(
−∥x− αtz∥2

2σ2

)
dp0(z),

and similarly for qt. Expanding the square gives1092

pt(x) = (2πσ2)−d/2 exp

(
−∥x∥2

2σ2

)
Ip(t, x),

where1093

Ip(t, x) :=

∫
exp

(
αt⟨x, z⟩
σ2
t

− α2
t ∥z∥2

2σ2
t

)
dp0(z).

Similarly,1094

qt(x) = (2πσ2)−d/2 exp

(
−∥x∥2

2σ2

)
Iq(t, x),

where Iq is defined with q0. Hence the common Gaussian factor cancels in the log-density ratio:1095

f⋆(t, x) = log Iq(t, x)− log Ip(t, x).

Since z ∈ BRinit
, αt is bounded, and σt ≥ σ, the exponent inside Ip is bounded above and below by affine functions of ∥x∥.1096

Therefore1097

| log Ip(t, x)| ≤ C(1 + ∥x∥), | log Iq(t, x)| ≤ C(1 + ∥x∥),

which proves (73).1098

For the gradient, define the tilted probability measure1099

dπp,t,x(z) :=
exp

(
αt⟨x,z⟩
σ2
t

− α2
t∥z∥

2

2σ2
t

)
Ip(t, x)

dp0(z).

Then1100

∇x log Ip(t, x) =
αt
σ2
t

∫
z dπp,t,x(z).

Since ∥z∥ ≤ Rinit, we obtain1101

∥∇x log Ip(t, x)∥ ≤ C.

The same bound holds for Iq . Therefore1102

∇xf
⋆(t, x) = ∇x log Iq(t, x)−∇x log Ip(t, x)

is uniformly bounded, proving (74).1103

1104

By Lemma C.1,1105

sup
(t,x̄)∈C1

|f⋆R(t, x̄)| ≤ C(1 +R).

Moreover,1106

∇x̄f
⋆
R(t, x̄) = 2R∇xf

⋆(t, 2Rx̄),

and Lemma C.1 gives1107

sup
(t,x̄)∈C1

∥∇x̄f
⋆
R(t, x̄)∥ ≤ C(1 +R).

Thus, by choosing CM sufficiently large, MR = CM (1 +R) dominates both envelopes.1108

Consequently,1109

F2R ⊆ HMR
(C2R), f⋆ ∈ HMR

(C2R).
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Indeed, if h = PRf ∈ F2R, then1110

∥h∥L∞(C2R) = sup
(t,x)∈C2R

∣∣∣f (t, x
2R

)∣∣∣ ≤MR,

because f ∈ FR. Moreover, the strict slack1111

MR − sup
(t,x)∈C2R

|f⋆(t, x)| ≥ 1

will be used below when clipping the population minimizer.1112

Define1113

cR := cmin(R) :=
1

4 cosh2(MR/2)
. (76)

Since MR = CM (1 +R), there exists C <∞ such that1114

c−1
R ≲ eCR. (77)

Lemma C.2 (Existence, uniqueness, and clipping on C2R). For every λ > 0, the population functional Jλ,2R admits a1115

unique minimizer over HMR
(C2R). Denote it by fλ,2R. Moreover,1116

∥fλ,2R∥L∞(C2R) ≤ ∥f⋆∥L∞(C2R) ≤MR.

Proof. The existence and uniqueness follow from the same direct-method argument as Lemma A.1. Indeed, HMR
(C2R)1117

is convex and closed in the relevant L2
tH

1
x topology. Since C2R is bounded and MR < ∞, the L∞ constraint controls1118

the L2 part, while the Sobolev penalty controls the spatial-gradient part. Hence every minimizing sequence is weakly1119

precompact. The cross-entropy term is convex and weakly lower semicontinuous, and the Sobolev penalty is weakly lower1120

semicontinuous, so the minimum is attained. Uniqueness follows from the logistic curvature lower bound on [−MR,MR],1121

together with the strict convexity induced by the L2 curvature term.1122

It remains to prove the clipping property. Let1123

M⋆
R := ∥f⋆∥L∞(C2R).

By the choice of CM in MR = CM (1 +R) and Lemma C.1, we have M⋆
R ≤MR. Define the pointwise clipping map1124

T (u) := (−M⋆
R) ∨ (u ∧M⋆

R).

For any f ∈ HMR
(C2R), the clipped function Tf also belongs to HMR

(C2R), since1125

|Tf | ≤M⋆
R ≤MR

and the chain rule for Lipschitz truncations gives1126

∥∇xTf∥L2(C2R) ≤ ∥∇xf∥L2(C2R).

Moreover, since ηt = σ(f⋆(t, ·)), the conditional logistic risk is pointwise minimized at f⋆(t, x). Because |f⋆(t, x)| ≤M⋆
R,1127

projection of f(t, x) onto the interval [−M⋆
R,M

⋆
R] moves the logit closer to the pointwise minimizer and therefore cannot1128

increase the conditional cross-entropy loss. Hence1129

LCE,2R(Tf) ≤ LCE,2R(f).

Combining this with the contraction of the spatial-gradient seminorm yields1130

Jλ,2R(Tf) ≤ Jλ,2R(f).

Applying this to the unique minimizer fλ,2R, we see that Tfλ,2R is also a minimizer. By uniqueness,1131

Tfλ,2R = fλ,2R,

and therefore1132

∥fλ,2R∥L∞(C2R) ≤M⋆
R = ∥f⋆∥L∞(C2R) ≤MR.

This proves the claim.1133
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Lemma C.3 (Bias on C2R). Let fλ,2R be the unique minimizer from Lemma C.2. Define1134

R⋆0(t, x) := ∆xf
⋆(t, x) +∇xf

⋆(t, x) · ∇x log ρt(x),

and1135

R0(R) :=

∫ T

t0

∥R⋆0(t, ·)∥2L2(B2R,µt)
dt.

Let the boundary remainder be1136

bR := 2MR

∫ T

t0

∫
∂B2R

ρt(x)|∂nf⋆(t, x)| dS(x) dt.

Then1137

∥fλ,2R − f⋆∥2L2(C2R) ≤ Cc−2
R R0(R)λ

2 + Cc−1
R λbR, (78)

and1138

∥∇x(fλ,2R − f⋆)∥2L2(C2R) ≤ Cc−1
R R0(R)λ+ CbR. (79)

In particular, with1139

β(R) := Cc−2
R R0(R), (80)

we have1140

∥fλ,2R − f⋆∥2L2(C2R) ≤ β(R)λ2 + Cc−1
R λbR, (81)

and1141

∥∇x(fλ,2R − f⋆)∥2L2(C2R) ≤ β(R)λ+ CbR. (82)

Moreover,1142

R0(R) ≤ C(1 +R)K , bR ≤ C(1 +R)Ke−cR
2

, (83)

and therefore1143

β(R) ≤ CeCR(1 +R)K . (84)

Proof. Let1144

δλ := fλ,2R − f⋆.

Since fλ,2R minimizes Jλ,2R over the convex set HMR
(C2R), and since f⋆ ∈ HMR

(C2R), the variational inequality in the1145

direction f⋆ − fλ,2R gives1146

DJλ,2R(fλ,2R)[f
⋆ − fλ,2R] ≥ 0.

Equivalently,1147 ∫ T

t0

∫
B2R

(σ(fλ,2R)− ηt)δλ dµt dt+ 2λ

∫ T

t0

∫
B2R

∇xfλ,2R · ∇xδλ dµt dt ≤ 0. (85)

The logistic curvature lower bound on [−MR,MR] gives1148 ∫ T

t0

∫
B2R

(σ(fλ,2R)− ηt)δλ dµt dt ≥ cR∥δλ∥2L2(C2R). (86)

Writing fλ,2R = f⋆ + δλ, we obtain from (85) and (86)1149

cR∥δλ∥2L2(C2R) + 2λ∥∇xδλ∥2L2(C2R) ≤ −2λ

∫ T

t0

∫
B2R

∇xf
⋆ · ∇xδλ dµt dt. (87)

For each fixed t, Green’s identity on B2R yields1150

−
∫
B2R

∇xf
⋆ · ∇xδλ ρt dx =

∫
B2R

R⋆0δλ dµt −
∫
∂B2R

ρtδλ∂nf
⋆ dS. (88)
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Since both fλ,2R and f⋆ are bounded by MR on C2R, we have1151

|δλ| ≤ |fλ,2R|+ |f⋆| ≤ 2MR.

Therefore, the boundary contribution in (88) is bounded by bR, and Cauchy–Schwarz gives1152

cR∥δλ∥2L2(C2R) + 2λ∥∇xδλ∥2L2(C2R) ≤ 2λ
√
R0(R)∥δλ∥L2(C2R) + 2λbR. (89)

Applying Young’s inequality,1153

2λ
√
R0(R)∥δλ∥L2(C2R) ≤

cR
2
∥δλ∥2L2(C2R) +

Cλ2

cR
R0(R),

we obtain1154
cR
2
∥δλ∥2L2(C2R) + 2λ∥∇xδλ∥2L2(C2R) ≤

Cλ2

cR
R0(R) + 2λbR.

Dropping the gradient term gives1155

∥δλ∥2L2(C2R) ≤ Cc−2
R R0(R)λ

2 + Cc−1
R λbR,

which proves (78). Dropping instead the L2-term and dividing by 2λ gives1156

∥∇xδλ∥2L2(C2R) ≤ Cc−1
R R0(R)λ+ CbR,

which proves (79). The beta-form bounds (81)–(82) follow immediately from the definition of β(R).1157

It remains to prove the growth estimates in (83). First, we control the mixture score. Since1158

pt = (αt)#p0 ∗ N (0, σ2
t I), qt = (αt)#q0 ∗ N (0, σ2

t I),

the same Gaussian-factorization argument used in Lemma C.1 gives1159

∥∇x log pt(x)∥+ ∥∇x log qt(x)∥ ≤ C(1 + ∥x∥),

uniformly over t ∈ [t0, T ]. Since1160

∇x log ρt(x) =
pt(x)

pt(x) + qt(x)
∇x log pt(x) +

qt(x)

pt(x) + qt(x)
∇x log qt(x),

we have1161

∥∇x log ρt(x)∥ ≤ C(1 + ∥x∥).

Together with Lemma C.1, which gives polynomial growth of the derivatives of f⋆ and a uniform bound on ∇xf
⋆, this1162

implies1163

|R⋆0(t, x)| ≤ C(1 + ∥x∥)K .

Therefore1164

R0(R) =

∫ T

t0

∥R⋆0(t, ·)∥2L2(B2R,µt)
dt ≤ C(1 +R)K .

Next, we bound the boundary remainder. By Lemma C.1,1165

|∂nf⋆(t, x)| ≤ ∥∇xf
⋆(t, x)∥ ≤ C.

Moreover, the compact-support VP representation implies the pointwise density bound1166

ρt(x) ≤ C exp{−c(∥x∥ −Rν)
2
+},

uniformly over t ∈ [t0, T ]. Hence, on ∂B2R,1167

ρt(x)|∂nf⋆(t, x)| ≤ Ce−cR
2

.
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Multiplying by the surface area of ∂B2R, the length of the time interval, and MR = CM (1 +R), we obtain1168

bR ≤ C(1 +R)Ke−cR
2

.

This proves (83). Finally, (84) follows from1169

β(R) = Cc−2
R R0(R), R0(R) ≤ C(1 +R)K ,

and the growth bound c−2
R ≤ eCR, which follows from MR = CM (1 +R) and cR = (4 cosh2(MR/2))

−1.1170

Lemma C.4 (Approximation by the R-dependent clipped class). Under Assumption 5.1, for every R ≥ 1 there exists a1171

deterministic comparator1172

f0,R ∈ F2R

such that1173

∥f0,R − f⋆∥2H1,x(C2R) ≤ C(1 +R)KN− 2(s−1)
d+1 . (90)

The comparator f0,R is fixed before observing the data.1174

Proof. Recall the rescaled target1175

f⋆R(t, x̄) = f⋆(t, 2Rx̄), (t, x̄) ∈ C1.

By Lemma C.1 and the choice of CM , we have1176

∥f⋆R∥L∞(C1) ≤MR, ∥∇x̄f
⋆
R∥L∞(C1) ≤MR.

After enlarging CM , if necessary, the stability constant from the spline quasi-interpolation construction in Appendix A1177

is also absorbed into the envelope MR. Therefore, applying Proposition A.4 on the fixed compact time-space domain1178

C1 ⊂ Rd+1, there exists1179

fappR ∈ FR

such that1180

∥fappR − f⋆R∥2H1
t,x̄(C1;Leb)

≤ Capp∥f⋆R∥2Hs
t,x̄(C1;Leb)

N− 2(s−1)
d+1 . (91)

Define the pulled-back comparator1181

f0,R := PRf
app
R ∈ F2R.

Let1182

eR := fappR − f⋆R on C1, e := f0,R − f⋆ on C2R.

For x ∈ B2R,1183

e(t, x) = eR

(
t,
x

2R

)
, ∇xe(t, x) =

1

2R
∇x̄eR

(
t,
x

2R

)
.

By the Gaussian lower-noise bound in Assumption 5.1, there exists ρ⋆ <∞, independent of R, such that1184

sup
t∈[t0,T ]

sup
x∈Rd

ρt(x) ≤ ρ⋆.

Thus1185

∥e∥2H1,x(C2R) =

∫ T

t0

∫
B2R

(
|e(t, x)|2 + ∥∇xe(t, x)∥2

)
ρt(x) dx dt

≤ ρ⋆

∫ T

t0

∫
B2R

(
|e(t, x)|2 + ∥∇xe(t, x)∥2

)
dx dt.

Changing variables x = 2Rx̄ gives1186 ∫
B2R

|e(t, x)|2 dx = (2R)d
∫
B1

|eR(t, x̄)|2 dx̄,
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and1187 ∫
B2R

∥∇xe(t, x)∥2 dx = (2R)d−2

∫
B1

∥∇x̄eR(t, x̄)∥2 dx̄.

Since R ≥ 1, (2R)d−2 ≤ (2R)d. Hence1188

∥e∥2H1,x(C2R) ≤ ρ⋆(2R)
d∥eR∥2H1,x̄(C1;Leb)

≤ ρ⋆(2R)
d∥eR∥2H1

t,x̄(C1;Leb)
.

Combining this display with (91) gives1189

∥f0,R − f⋆∥2H1,x(C2R) ≤ C(2R)d∥f⋆R∥2Hs
t,x̄(C1;Leb)

N− 2(s−1)
d+1 = CAs(R)N

− 2(s−1)
d+1 .

It remains to control the Hs-norm of the rescaled target. For every a+ |γ| ≤ s,1190

∂atD
γ
x̄f

⋆
R(t, x̄) = (2R)|γ|∂atD

γ
xf

⋆(t, 2Rx̄).

By Lemma C.1,1191 ∣∣∂atDγ
xf

⋆(t, 2Rx̄)
∣∣ ≤ C(1 +R)K (t, x̄) ∈ C1.

Since C1 has finite Lebesgue volume, we obtain1192

As(R) := (2R)d∥f⋆R∥2Hs
t,x̄(C1;Leb)

≤ C(1 +R)K .

1193

Lemma C.5 (Entropy of the pulled-back vector class). Let FR = F (d+1)
MR

(L,W, S,B) be the R-dependent clipped-gradient1194

class on C1 = [t0, T ]×B1, with input dimension d+ 1, depth L = O(1), sparsity S = O(N), width W , and weight bound1195

B. Define1196

V2R := {(h,∇xh) : h = PRf, f ∈ FR},

with norm1197

∥(u, v)∥∞ := ∥u∥L∞(C2R) + ∥v∥L∞(C2R).

Then there exists a constant Cent <∞, independent of R,N, n, λ, such that for every 0 < ε < 1,1198

logN
(
ε,V2R, ∥ · ∥∞

)
≤ CentN log

(
BWMR

ε

)
. (92)

In particular, for the final choice R = A
√
log n, the extra logMR factor is absorbed into log(BWn).1199

Proof. For h = PRf , we have1200

h(t, x) = f
(
t,
x

2R

)
, ∇xh(t, x) =

1

2R
∇x̄f

(
t,
x

2R

)
.

Since R ≥ 1, an ε-cover of1201

{(f,∇x̄f) : f ∈ FR}

on C1 induces an ε-cover of V2R on C2R. Thus it suffices to control the entropy of the derivative-augmented clipped network1202

class on C1.1203

The clipped-gradient class FR is a subset of the clipped sparse ReLU3 architecture with O(S) = O(N) active parameters.1204

On each fixed sparsity pattern, the network output and its first derivatives depend Lipschitzly on the nonzero parameters1205

on the compact domain C1. The Lipschitz constant is polynomial in B,W and in the deterministic envelope MR, while1206

L = O(1). The number of sparsity patterns contributes an additional O(S logW ) term. A standard parameter-discretization1207

argument therefore gives1208

logN
(
ε, {(f,∇x̄f) : f ∈ FR}, ∥ · ∥∞

)
≤ CentN log

(
BWMR

ε

)
.

This proves (92).1209
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Lemma C.6 (Comparator-centered anisotropic oracle inequality on C2R). Let h0 ∈ F2R be any deterministic comparator.1210

Let1211

ĥR ∈ arg min
h∈F2R

Ĵλ,Dext,2R(h)

be an empirical minimizer of the truncated empirical objective over F2R. Then, for every t > 0, with probability at least1212

1− e−t,1213

Jλ,2R(ĥR)− Jλ,2R(fλ,2R) ≤ C

[
Jλ,2R(h0)− Jλ,2R(fλ,2R) + ΓR

N log(BWMRn) + t

n

]
, (93)

where1214

ΓR := c−1
R +MR + λ

(
MR

2R

)2

. (94)

In particular, since MR = CM (1 +R) and λ ≤ 1,1215

ΓR ≤ CeCR(1 +R)K . (95)

Proof. For h ∈ F2R, define the population excess1216

ER(h) := Jλ,2R(h)− Jλ,2R(fλ,2R) ≥ 0.

For h ∈ F2R, define the comparator-centered excess loss1217

ψh(t, x, y) := ℓCE(y, h(t, x))− ℓCE(y, h0(t, x)) + λ
(
∥∇xh(t, x)∥2 − ∥∇xh0(t, x)∥2

)
.

Then1218

E[ψh] = Jλ,2R(h)− Jλ,2R(h0) = ER(h)− ER(h0),

up to the fixed normalization of the time integral, which is absorbed into constants.1219

Let1220

M̄R :=
MR

2R
.

For every h = PRf ∈ F2R,1221

∥h∥L∞(C2R) ≤MR, ∥∇xh∥L∞(C2R) ≤ M̄R.

Thus the same bounds hold for h0.1222

We first apply the Talagrand contraction lemma to the vector variable1223

(h,∇xh).

Indeed, if h1, h2 ∈ F2R, then, using the 1-Lipschitzness of the logistic loss and the spatial-gradient envelope1224

sup
h∈F2R

∥∇xh∥L∞(C2R) ≤ GR, GR :=
MR

2R
,

we have, pointwise in (t, x, y),1225

|ψh1
(t, x, y)− ψh2

(t, x, y)| ≤ |h1(t, x)− h2(t, x)|
+ λ

∣∣∥∇xh1(t, x)∥22 − ∥∇xh2(t, x)∥22
∣∣

≤ |h1(t, x)− h2(t, x)|+ 2λGR∥∇xh1(t, x)−∇xh2(t, x)∥2.

Therefore, by the vector-valued Talagrand contraction lemma,1226

Rn

(
{ψh : ER(h) + ER(h0) ≤ r}

)
≤ CRn ({h− h0 : ER(h) + ER(h0) ≤ r})
+ CλGRRn ({∇xh−∇xh0 : ER(h) + ER(h0) ≤ r}) .

(C.xx)
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Here no time derivative is involved: the contraction is with respect to the spatial vector (h,∇xh), because the loss depends1227

only on h and ∇xh, not on ∂th.1228

Next, the localization ER(h) + ER(h0) ≤ r implies a localized anisotropic radius. By strong convexity of Jλ,2R,1229

ER(h) ≥
cR
2
∥h− fλ,2R∥2L2(C2R) + λ∥∇x(h− fλ,2R)∥2L2(C2R),

and the same bound holds for h0. Hence1230

∥h− h0∥2L2(C2R) ≤ Cc−1
R r,

and1231

λ∥∇x(h− h0)∥2L2(C2R) ≤ Cr.

Consequently,1232

∥h− h0∥2L2(C2R) + ∥λGR(∇xh−∇xh0)∥2L2(C2R) ≤ C(c−1
R + 1)r,

where we used GR ≲ 1 and 0 < λ < 1.1233

Thus the contraction step reduces the problem to bounding the Rademacher complexity of a localized subset of the1234

pulled-back vector class1235

V2R = {(h,∇xh) : h = PRf, f ∈ FR},

with L2-radius of order1236 √
(c−1
R + 1)r.

Applying Dudley’s entropy integral and the entropy bound in Lemma C.5, we get1237

Rn

(
{ψh : ER(h) + ER(h0) ≤ r}

)
≤ C

n
+

C√
n

∫ C
√

(c−1
R +1)r

1/n

√
N log

(
BWMRn

ε

)
dε.

(C.xx)

Evaluating the integral yields1238

Rn

(
{ψh : ER(h) + ER(h0) ≤ r}

)
≤ C

√
(c−1
R + 1)r N log(BWMRn)

n
,

after absorbing the lower-order 1/n term. This is the desired localized Rademacher bound. The envelope of the comparator-1239

centered loss satisfies1240

|ψh| ≤ 2(log(1 + eMR) +MR) + 2λM̄2
R ≤ C

(
MR + λM̄2

R

)
.

The variance bound is1241

E[ψ2
h] ≤ C

(
c−1
R + λM̄2

R

)(
ER(h) + ER(h0)

)
.

Let1242

UR(h) := ER(h) + ER(h0),

and define the normalized centered process1243

ψ̃h :=
E[ψh]− ψh
UR(h) + r

.

The preceding envelope bound implies1244

∥ψ̃h∥∞ ≤ 2C(MR + λM̄2
R)

r
.

Moreover, using1245

Var(ψh) ≤ E[ψ2
h],

and the variance bound above, we obtain1246

E[ψ̃2
h] ≤

C(c−1
R + λM̄2

R)UR(h)

(UR(h) + r)2
≤
C(c−1

R + λM̄2
R)

r
.
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Thus the normalized class satisfies the boundedness and variance conditions required by Talagrand’s concentration inequality.1247

The peeling lemma applied to the local Rademacher bound gives1248

Rn

({
ψh

UR(h) + r
: h ∈ F2R

})
≤ 4ϕR(r)

r
,

where1249

ϕR(r) = C

√
(c−1
R + 1)r N log(BWMRn)

n
.

By symmetrization,1250

E sup
h

E[ψh]− ED[ψh]
UR(h) + r

≤ 8ϕR(r)

r
.

Therefore the same normalized-process and Talagrand concentration argument as in Theorem 3.5, applied with the1251

localization functional ER(h) + ER(h0), yields the oracle inequality1252

ER(ĥR) ≤ C

[
ER(h0) + ΓR

N log(BWMRn) + t

n

]
,

where1253

ΓR = c−1
R +MR + λM̄2

R.

This proves (93). Finally, MR = CM (1 +R), M̄R =MR/(2R) = O(1), and c−1
R ≲ eCR, so1254

ΓR ≤ CeCR(1 +R)K .

1255

C.3. Proof of Theorem 5.21256

Let1257

α :=
s− 1

(d+ 1) + 2s− 2
.

We decompose1258

E(f̃ (R)) :=

∫ T

t0

∥f̃ (R)
t − f⋆t ∥2H1(µt)

dt = Main(R) + Tail(R), (96)

where1259

Main(R) :=

∫ T

t0

∫
BR

L(f̃ (R), f⋆) dµt dt,

and1260

Tail(R) :=

∫ T

t0

∫
Bc

R

L(f̃ (R), f⋆) dµt dt.

Step 1: Reduction of the main error to C2R. On BR, χR ≡ 1, and Π2R(x) = x. Hence1261

f̃ (R)(t, x) = f̂R

(
t,
x

2R

)
=: f̂pbR (t, x), x ∈ BR.

Therefore,1262

Main(R) ≤
∫ T

t0

∫
B2R

L(f̂pbR , f⋆) dµt dt. (97)
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Step 2: The truncated ERM event. Define1263

ER :=

{
max
1≤i≤n

∥Xi∥ ≤ 2R

}
.

By Lemma C.1, the marginal distributions pt and qt have uniformly sub-Gaussian tails. Therefore there exist constants1264

C, c > 0, independent of n and R, such that1265

sup
t∈[t0,T ]

max{pt({x : ∥x∥ > u}), qt({x : ∥x∥ > u})} ≤ C exp{−c(u−Rν)
2
+}.

Conditioning on the sampled times and labels and applying a union bound,1266

P(EcR | t1:n, Y1:n) ≤
n∑
i=1

P(∥Xi∥ > 2R | ti, Yi) ≤ nC exp{−c(2R−Rν)
2
+}.

For R ≥ Rν , (2R−Rν)+ ≥ R. Hence1267

P(EcR) ≤ nCe−cR
2

. (98)

On ER, Π2R(Xi) = Xi, and for h = PRf ,1268

λ

4R2
∥∇x̄f(ti, Xi/(2R))∥2 = λ∥∇xh(ti, Xi)∥2.

Thus, on ER, minimizing the projected empirical objective Ĵproj
λ,Dext,2R

(f) over f ∈ FR is equivalent to minimizing the1269

truncated empirical objective over h ∈ F2R:1270

Ĵλ,Dext,2R(h) :=
1

n

n∑
i=1

[
ℓCE(Yi, h(ti, Xi)) + λ∥∇xh(ti, Xi)∥2

]
1{Xi ∈ B2R}. (99)

Consequently, on ER, f̂pbR is an empirical minimizer of (99) over F2R.1271

Step 3: Comparator-centered oracle inequality on C2R. Let fλ,2R be the population minimizer over HMR
(C2R), and1272

recall1273

ER(f) := Jλ,2R(f)− Jλ,2R(fλ,2R), f ∈ F2R.

By Lemma C.4, there exists a deterministic comparator1274

f0,R ∈ F2R

such that1275

∥f0,R − f⋆∥2H1,x(C2R) ≤ CAs(R)N
− 2(s−1)

d+1 ≤ C(1 +R)KN− 2(s−1)
d+1 . (100)

Applying Lemma C.6 with h0 = f0,R and t > 0, we obtain an event Eloc(R, t), with1276

P(Eloc(R, t)c) ≤ e−t,

on which1277

ER(f̂
pb
R ) ≤ C

[
ER(f0,R) + ΓR

N log(BWMRn) + t

n

]
. (101)

Here1278

ΓR = c−1
R +MR + λ

(
MR

2R

)2

,

and by Lemma C.6,1279

ΓR ≤ CeCR(1 +R)K . (102)
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Step 4: Bound the comparator excess. We bound1280

Jλ,2R(f0,R)− Jλ,2R(fλ,2R)

by comparing both terms to f⋆:1281

Jλ,2R(f0,R)− Jλ,2R(fλ,2R) ≤ Jλ,2R(f0,R)− Jλ,2R(f
⋆)

+ Jλ,2R(f
⋆)− Jλ,2R(fλ,2R).

First, since f⋆ is the pointwise Bayes logit, it minimizes the population cross-entropy risk. The logistic loss is 1/4-smooth1282

in the logit; hence1283

LCE,2R(f0,R)− LCE,2R(f
⋆) ≤ C∥f0,R − f⋆∥2L2(C2R).

For the Sobolev penalty, using the pulled-back gradient envelope1284

∥∇xf0,R∥L∞(C2R) ≤
MR

2R
≲ 1

and the uniform spatial-gradient bound for f⋆ from Lemma C.1, we get1285

λ
∣∣∣∥∇xf0,R∥2L2(C2R) − ∥∇xf

⋆∥2L2(C2R)

∣∣∣
≤ Cλ∥∇x(f0,R − f⋆)∥L2(C2R) ≤ C

[
∥f0,R − f⋆∥2H1,x(C2R) + λ2

]
.

Therefore, by (100),1286

Jλ,2R(f0,R)− Jλ,2R(f
⋆) ≤ CAs(R)N

− 2(s−1)
d+1 + Cλ2. (103)

Second, since f⋆ minimizes the cross-entropy risk,1287

LCE,2R(f
⋆)− LCE,2R(fλ,2R) ≤ 0.

Let1288

δλ := fλ,2R − f⋆.

Then1289

Jλ,2R(f
⋆)− Jλ,2R(fλ,2R) ≤ λ

(
∥∇xf

⋆∥2L2(C2R) − ∥∇xfλ,2R∥2L2(C2R)

)
.

As in the proof of Lemma C.3, Green’s identity gives the bound1290

Jλ,2R(f
⋆)− Jλ,2R(fλ,2R) ≤ C

[
β(R)λ2 + c−1

R λbR + λbR
]
.

Combining this with (103) yields1291

Jλ,2R(f0,R)− Jλ,2R(fλ,2R)

≤ C
[
As(R)N

− 2(s−1)
d+1 + λ2 + β(R)λ2 + c−1

R λbR + λbR

]
.

(104)

Step 5: Convert the oracle bound to H1,x-error on C2R. By the strong convexity inequality on C2R, for every f ∈ F2R,1292

ER(f) ≥
cR
2
∥f − fλ,2R∥2L2(C2R) + λ∥∇x(f − fλ,2R)∥2L2(C2R).

Consequently,1293

∥f − fλ,2R∥2H1,x(C2R) ≤ C(c−1
R ∨ λ−1)ER(f).

For the final choice R = A
√
log n and λ ≍ n−α, we have1294

c−1
R ≲ eCR = no(1),
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so λ−1 dominates c−1
R for all sufficiently large n. Thus, on Eloc(R, t) ∩ ER, using (101) and (104),1295

∥f̂pbR − fλ,2R∥2H1,x(C2R)

≤ C

λ

[
ΓR

N log(BWMRn) + t

n
+As(R)N

− 2(s−1)
d+1 + λ2 + β(R)λ2 + c−1

R λbR + λbR

]
.

Using Lemma C.3 to pass from fλ,2R to f⋆, we obtain1296 ∫ T

t0

∫
B2R

L(f̂pbR , f⋆) dµt dt

≤ C

[
ΓR
λ

N log(BWMRn) + t

n
+

As(R)

λ
N− 2(s−1)

d+1 + λ+ β(R)λ+ (c−1
R + 1)bR

]
.

(105)

By (97), the same bound holds for Main(R).1297

Step 6: Tail error. On the annulus B2R \BR,1298

f̃ (R)(t, x) = χR(x)f̂
pb
R (t, x),

and therefore1299

∇xf̃
(R)(t, x) = (∇xχR)(x)f̂

pb
R (t, x) + χR(x)∇xf̂

pb
R (t, x).

Since1300

|χR| ≤ 1, ∥∇xχR∥∞ ≲ R−1,

and1301

∥f̂pbR ∥L∞(C2R) ≤MR, ∥∇xf̂
pb
R ∥L∞(C2R) ≤

MR

2R
≲ 1,

we have1302

|f̃ (R)(t, x)|+ ∥∇xf̃
(R)(t, x)∥ ≤ C(1 +R), x ∈ B2R \BR.

Together with the value and gradient bounds for f⋆ from Lemma C.1, this gives1303

L(f̃ (R), f⋆)(t, x) ≤ C(1 +R)K , x ∈ B2R \BR.

Therefore, using the tail bound in Lemma C.1, there exist constants C,K, cann > 0 such that1304 ∫ T

t0

∫
B2R\BR

L(f̃ (R), f⋆) dµt dt ≤ C(1 +R)Ke−cann(R−Rν)
2
+ . (106)

On Bc2R, f̃ (R) = 0. Hence1305

L(f̃ (R), f⋆) = |f⋆|2 + ∥∇xf
⋆∥2.

By Lemma C.1, this is bounded by C(1 + ∥x∥)K . The tail-moment bound in Lemma C.1 gives constants C,K, cout > 01306

such that1307 ∫ T

t0

∫
Bc

2R

L(f̃ (R), f⋆) dµt dt ≤ C(1 +R)Ke−cout(2R−Rν)
2
+ . (107)

Combining (106) and (107), and taking R ≥ 2Rν , we have1308

(R−Rν)+ ≥ R/2, (2R−Rν)+ ≥ R.

Thus, setting1309

ctail := min{cann/4, cout} > 0,

and enlarging C,K if necessary, we obtain1310

Tail(R) ≤ C(1 +R)Ke−ctailR
2

. (108)
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Step 7: Choosing N,λ,R. Choose1311

N ≍ n
d+1

d+1+2s−2 , λ ≍ n−α, α =
s− 1

d+ 1 + 2s− 2
. (109)

Then1312

N log(BWMRn)

n
≲ λ2 log n, N− 2(s−1)

D ≲ λ2. (110)

By Lemma C.1,1313

As(R) ≤ C(1 +R)K ,

and by Lemmas C.3 and C.6,1314

β(R) ≤ CeCR(1 +R)K , c−1
R ≤ CeCR, ΓR ≤ CeCR(1 +R)K .

Substituting these estimates into (105) and using (110), with t = 2 log n, gives1315

Main(R) ≤ CeCR(1 +R)K(log n)n−α + CeCR(1 +R)KbR. (111)

Since1316

bR ≤ C(1 +R)Ke−cR
2

,

the boundary term is exponentially small for the choice of R below. Combining (111) with (108), we obtain1317

E(f̃ (R)) ≤ CeCR(1 +R)K(log n)n−α + CeCR(1 +R)Ke−cR
2

. (112)

Finally choose1318

R = A
√
log n,

with A > 0 sufficiently large so that R ≥ 2Rν for all sufficiently large n, the truncation-event failure probability in (98) is1319

at most n−2, and the exponential remainder in (112) is negligible relative to the main term. On the event1320

Eloc(R, 2 log n) ∩ ER,

whose probability is at least 1− 2n−2, and hence at least 1− 3n−2, we have1321

E(f̃ (R)) ≤ CeC
√
logn(log n)Kn−α. (113)

Since1322

eC
√
logn(log n)K = no(1),

it follows that for every ε > 0, there exists Cε <∞ such that1323

E(f̃ (R)) ≤ Cεn
−α+ε. (114)

This completes the proof.1324

D. Supplementary Experiment Results1325

D.1. Synthetic Experiments1326

We provide details for synthetic source–target pairs here.1327

• Rotated ridge. In the (t, s)-coordinates the source and target are mixtures of two Gaussians with identical covariance1328

but different offsets along the t-axis: the source has components centered at ±a and the target at ±b (with b > a),1329

while the s-coordinate is shared. The pair (t, s) is then rotated by an angle P = 30◦ into the observed (x1, x2)-space.1330

This creates an anisotropic “ridge” structure where p and q differ primarily along a rotated onedimensional direction.1331
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Figure 4. Three simulation distributions (left column: source p, right column: target q). Top: Same-line GMM with rotated ridge structure.
Middle: Orthogonal GMM with misaligned source and target components. Bottom: Bounded source-to-target distribution with compact
support.
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• Orthogonal GMM. Both p and q are symmetric two-component Gaussian mixtures with spherical covariance. The1332

source means are ±µS , the target means are ±µT , and we choose µ⊤
S µT = 0, i.e. the source and target mixture axes1333

are orthogonal. This case is adopted in Ouyang et al. (2024) and probes how well the estimator adapts when the main1334

directions of variation in the source and target are misaligned.1335

• Bounded source to bounded target. The source p is the uniform distribution on the square [−1, 1]2. The target q is ob-1336

tained by smoothly reweighting p with a bounded, oscillatory density ratio r(x) = q(x)
p(x) = c

(
1+ b cos(πx1) cos(πx2)

)
,1337

where the parameters are chosen so that r(x) ∈ [1/a, a] with a = 5. This yields a non-Gaussian, compactly supported1338

setting with a spatially varying but uniformly bounded density ratio.1339

Together, these three examples cover rotated lowdimensional shifts, orthogonal mixture structure, and bounded non-Gaussian1340

modulation, and hence provide a diverse testbed for gradient-of-ratio estimation.1341

D.2. WGF experiments1342

Setting details. When a large number of unlabeled target samples x(k)q are available, (Courty et al., 2016) proposed1343

learning an optimal transport map to align the joint source and target distributions (PXZ and QXZ), and subsequently1344

training a classifier on the aligned source samples. Building on this framework, (Liu et al., 2023) utilized WGF for sample1345

alignment. Their method evolves particles xt to minimize KL[pt, q] between the evolving particle-label distribution pt1346

(initialized with source samples Dpt := {(x(i)t , y
(i)
p )}np

i=1) and the target density q. Upon convergence after T iterations, a1347

classifier is trained on the transported source samples {(xT , yq)} to predict target labels.1348

Implementing WGF requires estimating the score difference. While (Liu et al., 2023) employed a local method known1349

as “local linear interpolation” (LL) for this estimation, our proposed approach utilizes a classification-based method with1350

Sobolev regularization to estimate the score difference globally.1351

D.3. ECG experiments1352

Details for two datasets. PTB-XL contains 21,837 clinical 12-lead ECG recordings of 10-second duration from 18,8851353

patients, annotated with 71 diagnostic statements in a multi-label setting. The ICBEB2018 dataset consists of 6,877 12-lead1354

ECG recordings with durations ranging from 6 to 60 seconds, each labeled into one of nine diagnostic classes, which form a1355

subset of the PTB-XL label space. We randomly select 10% of the ICBEB2018 samples as the limited target dataset via1356

stratified sampling to preserve label proportions. All ECG signals are resampled to a frequency of 100 Hz.1357

Synthetic quality and training speed evaluation for diffusion models. We evaluate the quality of the generated samples1358

of the target task using the standard Fréchet Inception Distance (FID) metric (Heusel et al., 2017). The FID score measures1359

the Wasserstein-2 distance between the distributions of real and synthetic data within the feature space of an xresnet1d501360

classifier (Strodthoff et al., 2020) pre-trained on the target task.1361

The quantitative results are summarized in Table 6. Our proposed TGDP-SOB not only achieves the best FID of 8.097 but1362

also significantly reduces model parameters to 2.8M and training time to 30 minutes, offering a superior balance between1363

generation quality and computational efficiency.1364

Table 6. The effectiveness of Soblev Penalization on ECG benchmark under synthetic quality.

Method FID Parameters Training Time
Vanilla Diffusion 11.171 50.2M 1h
Finetune Generator 8.415 50.2M 40min
TGDP 8.100 2.8M 30min
TGDP-SOB 8.097 2.8M 30min
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